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1. Introduction. 

There are three types of "building blocks" in the Bogomolov decomposition [B, 
Th.2] of compact Kahlerian manifolds with torsion ci, namely complex tori, Calabi- 
Yau varieties, and irreducible symplectic manifolds. Wc are interested in the last 
type, i.e. simply-connected compact Kahlerian manifolds carrying a holomorphic 
symplectic form which spans H 2 ^ . (The holonomy of a Ricci-flat Kahler metric is 
equal to Sp(r), hence these manifolds are hyperkahler [B].) The stock of available 
irreducible symplectic manifolds appears to be quite scarce, expecially if we think 
of the many examples of CalabiYau's. Every known irreducible symplectic manifold 
is a deformation of one of the following varieties: the Hilbert scheme parametrizing 
zero-dimensional subschemes of a K3 of fixed length [B], the generalized Rum- 
mer variety parametrizing zero-dimensional subschemes of a complex torus of fixed 
length and whose associated 0-cycle sums up to [B], the (10-dimensional) desin- 
gularization of the moduli space of rank-two semistable torsion-free sheaves on a 
K3 with ci = 0, C2 = 4 constructed by the author [01]. Briefly: all known exam- 
ples are deformations of an irreducible factor in the Bogomolov decomposition of 
a moduli space of semistable sheaves on a surface with trivial canonical bundle or, 
as in the last case, of a symplectic desingularization of such a moduli space. This 
paper provides a new example in dimension 6. To put our result in perspective we 
recall some results on moduli spaces of sheaves on a surface with trivial canonical 
bundle. Let X be such a surface and D an ample divisor on it: given a vector 
w G H*(X; Z), we let A^ W (Y, D) be the moduli space of £)-semistable torsion- free 
sheaves F on X with Mukai vector 



(1.1) v(F) := ch{F)y/Td{X) = w. 

Mukai [Muk2] proved that the open subset M^,(X, D) parametrizing stable sheaves, 
if non empty, is smooth symplectic (i.e. it has a regular symplectic from) of pure 
dimension equal to 

(1.2) dimM s w (X,D) = 2 + (w,w), 
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where (•, •) is the quadratic form on H*(X; Z) defined by 

(w, w) := J (wi A wi — 2wo A W2). 

x 

(Here Wj is the component of w belonging to H 2i (X; Z).) Yoshioka [Y1,Y2], extend- 
ing previous partial results [HG,02], showed that under a technical condition on 
(D, w) ensuring that all semistable sheaves are stable, the moduli space A4 W (X, D) 
is either a deformation of a Hilbert scheme of points on a K3 7 or else its Bogomolov 
factors are abelian surfaces and a deformation of a generalized Kummer variety. In 
view of this result we search for a moduli space containing points parametrizing 
strictly semistable sheaves (i.e. non stable), and singular at these points, admitting 
a symplectic desingularization, in the hope that one of the Bogomolov factors of the 
desingularization is a new irreducible symplectic variety. This is what was done to 
produce the new 10-dimensional example mentioned above, the moduli space being 
that of certain sheaves on K3. In this paper we will carry out successfully this 
program with a moduli space of sheaves on an abelian surface, describe as follows. 
Let C be a smooth irreducible projective curve of genus two and J := Pic°(C). Wc 
set v := 2 — 2r)j, where r\j G H 4 (J; Z) is the orientation class of J. Let Ai v be the 
moduli space M V (J, ©), where 9 is a Theta divisor. Many of the results proved 
in [01] for the moduli space M4 of torsion- free semistable rank- two sheaves on a 
K3 with ci = 0, C2 = 4, remain valid for A4 V , provided one makes the following 
technical assumption (similar to [01,(0.2)]): 

(1.3) There is no divisor A on J such that ,4-6 = and A ■ A = (-2). 

One such result says that the singular locus of A4 V coincides with the set of S- 
equivalence classes of strictly semistable sheaves, i.e. equivalent to I Pl <g>£i ©I P2 
where Pi G J and G J (J := Pic°(J)). Most importantly, the procedure of [01] 
carries over to give a symplectic desingularization tt v : M v — > M v ; we let uj v be the 
symplectic form on A4 V . The variety A4 V is of pure dimension 10 (see (2.1.4)). It 
is not symplectically irreducible: consider the map 

M v J x J 

[F] ~ (Ec 2 (n[detF]), 

where ^ C2 (F) (the Albanese map) is the sum of the points (with multiplicities) of 
any representative of 02(F) G CH (J). Set a v := a v o n v . As is easily checked a v 
is surjective, hence M v is not symplectically irreducible. To "factor out J x J" we 
set 

The main result of this paper is the following. 

(1.4) Theorem. Keep assumptions as above: M is a 6 -dimensional irreducible 
symplectic variety, i.e. one-connected and with H 2 '°(M) spanned by the symplectic 
form uj. Furthermore 62 (A 7 !) = 8. 

Since the known 6-dimensional irreducible symplectic varieties have 62 = 7 or 
b 2 = 23 [B], it follows that M cannot be deformed into one of the known symplectic 
varieties, not even up to birational equivalence. 
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The paper is organized as follows. In §2 we construct A4 V : this is straightforward, 
all the work was done in [01]. An important feature of this desingularization is that 
there is a moduli-theoretic interpretation of the complement of 7r~ 1 {[/ p (^) ©I p (^)]} 
as the set of ^-equivalence classes of simple semistable sheaves with the given 
Chern character, where ^-equivalence is a relation finer than ^-equivalence and 
(slightly) coarser than isomorphism. Finally we check that M. is 6-dimensional 
and symplectic. In §3 we notice that the generalized Lefschetz Hypcrplane Section 
Theorem, together with methods of [LI, 01], gives the following topological result. 
Let M := a v 1 (0, 0), and tt: M — > M be the restriction of 7r v . Let a £ J, and 9 Q 
be the translate by a of a symmetric theta-divisor 6. The inclusion 

(1.5) 7r _1 {[F] e M\ F\ Qa is not locally-free semistable} ^ M 

induces isomorphisms on tto, 7Ti, and a surjection on Hi- This is useful because 
while M. is mysterious, the left-hand side can be described in terms of other well- 
known moduli spaces. In fact if a is generic, the left-hand side of (1.5) decomposes 
into three irreducible components S a U B a U V a , which have the following descrip- 
tion. The component S a , which is mapped by n to the locus parametrizing strictly 
semistable sheaves singular at some point of 9 Q , is a P 1 -bundle over the quotient of 
C x J by the equivalence relation (4.2.4). The component B a , which is mapped by 
7r to the closure of the locus parametrizing stable sheaves which are singular at some 
point of © a , is a P 1 -bundle over C x K^ J, where C is obtained from C by identi- 
fying the points q\,q2 given by (4.2.2), and K^ J is the (smooth) Kummer surface 
of J. Finally V a , which is mapped by tt to the closure of the locus parametrizing 
sheaves whose restriction to <d a is a non-semistable locally-free sheaf, is obtained 
from a P 1 -bundle over J by flopping sixteen (—1, — l)-curves. These results are con- 
tained in Sections (4) through (6). These sections also contain descriptions of the 
double and triple intersections of the sets S Q , B a , V a , and most of the topological 
results which arc needed in the proof of Theorem (1.4). In §7 we give the proof of 
Theorem (1.4). We show that the left-hand side of Inclusion (1.5) is simply con- 
nected and that its second Bctti number is at most equal to 8: this implies that M. 
is simply connected and that hi (M.) = 8. Then we produce a Hodge substructure 
of H 2 {M) of dimension 8, with h 2 ' = 1; this finishes the proof of (1.4). This shows 
that Inclusion (1.5) induces an isomorphism on H2, while a priori the Lefschetz 
Hyperplane Theorem only gives that it is a surjection; we comment on this in (3.8). 

The reader may understand the logical structure of the proof by going through 
the statements whose numbering is decorated by a superscript *. These are the 
results which are invoked in Section (7) to prove Theorem (1.4); most of them are 
contained in the last subsection of Sections (2) through (6) (we list the exceptions 
in the introduction to each section). 

Notation. We choose once and for all a Weierstrass point p 6 C. Let u be the 
Abel-Jacobi embedding 

(1.6) C ^ J 

P >-> IP- Pol- 
Then := u(C) is a symmetric theta-divisor. For a € J let 6 Q := O + a. We have 
the isomorphism 

(1.7) J J 
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We set x = 5(x); in general points of J are denoted by x,y,p, etc. Let := 5(0); 
for (3 <E J let 6^ := 6 + /3. We will identify both 6 Q and 9^ with C via the maps 



(1.8) C3 P < 



i a (p) :=a + u(p - p ) £ <d a 

ip(p) ■= P + 5ou(p- Po ) e &§. 



Set j a :— i a x , j^j :— i~ . 
We let 

(1.9) 4>:JxJ^J, 0:JxJ^J 

be the projections. Let C be the normalized Poincare line-bundle on J x J, i.e. the 
tautological line-bundle such that £\ Qx j — Oj. If Z C J, Z £ J are zero- 
dimensional subschemes we set 

In particular if Z = x is a single point, C x — £\ xx j, and similarly for Z = x. We 
will often use the following formulae: 

(1-10) C x \ @a = f a O c (x) C x \ %d °ijiOc(x). 

Here we denote by x both a divisor on C and its linear equivalence class (an element 
of J); this will be a habit throughout the paper. We reserve the notation [x] for 
the line-bundle on C corresponding to the invertible sheaf Oc{x). 
For a e J let 

(1.11) J[2]-& be the translation of J[2] by (-a), 
where J [2] is the kernel of multiplication by two, and 

(1.12) v a : I a — > J be the blow up of J[2]_q. 

We let E be the exceptional divisor of u a , and E\, . . . , E\§ be its irreducible com- 
ponents. 

Let X be a projective variety and D an ample divisor on X . A torsion- free sheaf 
F on X is D-semistable if it is Gieseker-Maruyama semistable with respect to D, 
i.e. if for all proper subsheaves E C F 

(1.13) rkF • x(£(n£>)) < rk£ • X (F(nD)), for all n > 0. 

If there exists E C F such that the inequality is an equality then F is strictly 
semistable, otherwise it is stable. There is also the notion of slope- (semi) stability: 
if for all E C F with < rkE < rkF 
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F is Z?-slope semistable. It is D-slope stable if the inequality is always strict. 
Writing out the polynomials appearing in (1.13) one shows that D-semistability 
implies £>-slope semistability, and Z?-slope stability implies D-stability. Throughout 
the paper we fix the ample divisor O on J: (semi) stability of a sheaf will be O- 
(semi)stability, and similarly for slope-(semi)stability. 

We recall that moduli spaces of semistable torsion-free sheaves parametrize S- 
equivalence classes of such sheaves [G] . To define ^-equivalence one associates to a 
semistable sheaf F a direct sum of stable sheaves Gr(F), and then declares that 
F x is S-equivalcnt to F 2 if Gr(F 1 ) = Gr(F 2 ). If rkF = 2 (the only case to be 
considered in this paper) 

( F if F is stable 

Gr{F) = { , , N 

( L © (F/Lj if F is strictly semistable, L C F destabilizes. 

If F is a semistable sheaf we let [F] be its S'-equivalence class. 

A family of sheaves on X parametrized by B is a sheaf T on X x B, flat over 
Ob- For b E B we set Ty> := !F\xx{b}- 

2. Construction of M 

This subsection must be read with the aid of [01]. 

2.1. Symplectic desingularization of M v . We will show that the construction 
of a symplectic desingularization of Mi, the moduli space of rank- two torsion- 
free sheaves on a K3 surface X with ci = and c 2 = 4 (the ample divisor defining 
(semi)stability must satisfy (0.2) of [01], an assumption analogous to (1.3)), carries 
over to give a symplectic desingularization of M v . As in [01] we start by classifying 
strictly semistable sheaves. Let [F] G A4 V , and assume 

(2.1.1) 0^Li^F^i 2 ^0 
is a destabilizing sequence. 

(2.1.2) Lemma. Keep notation as above. Then Li = I Xi <8>£», where I Xi is the ideal 
sheaf of a point Xi e J, and £ J. Conversely, if F fits into Exact Sequence (2.1.1) 
with Li of this form, then [F] e A4 V and F is strictly semistable. 

Proof. Since rkF = 2, both L\ and L 2 are rank-one sheaves. They are both torsion- 
free. This is clear for L\, because it is a subsheaf of the torsion- free sheaf F. If 
L 2 had non-zero torsion T, the surjection of F to L 2 /T would desemistabilize F. 
Thus Li = <8> Ci: where Zi is a zero-dimensional subscheme of J, and is a 
line-bundle on J. Since (2.1.1) is destabilizing (but F is semistable), 

2n 2 + 2(& • 0)n + & • & - 2^(Z 4 ) - 2 X (ii(n0)) - x(^(»©)) = 2n 2 - 2, all n, 

From • = and the Hodge index Theorem we get that & • & < 0. Equating the 
constant coefficients of the above polynomials we get that 

(2.1.3) 0<2*(Zj) =&-6 + 2. 

Hence — 2 < 6 • 6; by Assumption (1.3) equality cannot hold, and since the in- 
tersection form is even we get that & • £» = 0. By the Hodge index Theorem is 
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algebraically equivalent to zero, i.e. G J. From (2.1.3) we also get that £{Zi) = 1. 
This proves the first assertion of the lemma. The converse is immediate. □ 

If in the above lemma we replace / x »(£i) by Iz ( , where Zi is a length- two sub- 
scheme of the K 3 surface X, we get Lemma (1.1.5) of [01], in the case n = 2. 
Moreover, all the results in Subsections (1.4)-(1.8) of [01] remain valid if one makes 
the substitution 

(I z on X with £(Z) = 2) i — ► (J x (£) on J where x £ J and £ G J). 

Thus we get, as in (1.8) of [01], a desingularization 5f v : M v — ► A1 V , by blowing up 
the locus parametrizing the "worst" strictly semistable sheaves 

: = {[lx(0 © Ix(C)}\ X G J, C6J}, 
and then blowing up the strict transform of 

S v := {[I xl (Zi) e/ X2 (6)]| aij G J, & G J}. 

Associated to a non-zero two-form won J there is a regular Mukai two-form uj v 
on A^v, which degenerates on O v := 7r _1 (Q v ) (copy the proof of [01, (2.2.3)]). 
Thus A4 V is not symplectic. One verifies that the proofs of Propositions (2.0.1)- 
(2.0.3) of [01] remain valid if we replace everywhere AI4, O4, X^ 2 \ Iz, by M v , 
V , (J x J), / x (0 respectively. Thus Proposition (2.0.3) tells us that we can blow 
down fl v and get a projective desingularization M v of M v ; let n v : M v — > A^v be 
the desingularization map. The two-form uj v on A^v induced by Q v is symplectic. 
We set S v := 7r^ 1 (E v ), 17 v := 7r^ 1 (f2 v ). Since S v is a Cartier divisor in A4 V , and 
M v \ S v = tFv 1 (- A/ 'v)i Equation (1.2) gives that 

(2.1.4) M v is of pure dimension 10. 

2.2. Moduli-theoretic interpretation of M v \ £l v . We will show that points 
of M v \ O v arc in one-to-one correspondence with simple semistable sheaves on J, 
modulo S-cquivalence, a relation finer than S-equi valence. Let F be a torsion-free 
simple semistable sheaf F on J with v(F) = v, where v(F) is as in (1.1). If F 
is stable, then E is S-equivalent to F if and only if it is isomorphic to it. If F is 
strictly semistable then by Lemma (2.1.2) there is an exact sequence 

-> Li F L 2 -> 0, 

where = I Xi {^i)- We associate to F the extension class of the above exact 
sequence 

e F G Ext 1 ^,^). 

This is non-zero because F is simple, and is well-defined modulo C*, because the 
destabilizing surjection F — > L 2 is determined up to C*. Yoneda multiplication 



(2.2.1) 



T:Ext 1 (Li,L 2 ) x Ext 1 ^, ii) -► Ext 2 (ii, Li) 
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can be identified with Serre duality, because the trace Tr: Ext 2 (Li, L\) — > H 2 (Oj) is 
an isomorphism. Thus T is a perfect pairing. Since F is simple, L\ ^ L 2 and hence 
Riemann-Roch gives dim Ext 1 (Li , L 2 ) — 2. Thus the annihilator (with respect to 
T) of ep is one-dimensional; let ep- G Ext^Li,!^) be a generator. A sheaf E is 
S-equivalent to F if it is isomorphic to F or to the extension 

(2.2.2) 0^L 2 ^£^£i^0 

determined by ep. Let E v be the set of /S-equivalence classes of torsion- free simple 
scmistable sheaves F on J with v(F) = v. We will show that there is a natural 
bijection 

(2.2.3) 4> v :(M v \n v ) ^ E v . 

The desingularization map tt v :M v — ► M v identifies (M v \ E v ) with M^- The 
latter is the set of isomorphism classes of torsion- free stable sheaves F with v(F) = 
v, which injects into E v . This injection defines i[> v outside E v . Now we define ip v 
on (E v \ O v ). Since the map M v — > -M v is the contraction of f2 v , it defines an 
isomorphism 

(2.2.4) (E v \ f2 v ) (E v \ O v ) 

commuting with 7r v , 7r v . We will give an injection of (E v \ O v ) into E v . We use 
the notation of [01, §1], adapted to our moduli space. Thus Q is the Quot-scheme 
of which M v is the G.I.T. PGL(iV)-quotient. For x G Q we let 

Oj(-k) N - F x 

be the quotient parametrized by x (sec [01,(1.1)]). Let 

(2.2.5) E Q := {x G Q ss | F x S L x © L 2 , £1 £ L 2 }, 

and Eq be its closure in Q. For x G Eg with = L\ © L 2 we have by [01,(1.4.1)] 
a canonical isomorphism 

(2.2.6) (C^ Q Q) X = {(e, r?) £ Ext 1 ^, L 2 ) © Ext 1 ^, L x )\ e U 77 = 0}, 

where C^ Q Q is the normal cone to Eg in Q. Since .M v is the PGL(iV)-quotient of 
the variety S obtained from Q by first blowing up 

Q.Q := closure of {x G Q ss \ F x ~ L © £}, 

and then the strict transform of Eg , we have 

(2.2.7) 7f- 1 ([Li© J L 2 ])^PAT(L 1 ,L 2 )//C*, L x 9* L 2 

where N(L\, L 2 ) is the right-hand side of (2.2.6), and the action of A 6 C* is given 
by A(e,7?) = (Ae^" 1 ^) (sec [01,(1.4.1)]). Let 

C(L U L 2 ) := {ip G Ext^.Li)* ® Ext 1 ^,^)! = Tr<^ = Dct^}. 
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As is easily verified 

(2.2.8) FN(L 1} L 2 )//C* = VC{L U L 2 ), 

with quotient map given by 

r99Q x FN(L u L 2 y — PC(L U L 2 ), 

{ ] l(e,v)} ~ [e®»?]. 

(Here e G Ext 1 (ii,i 2 ) = Ext 1 (L 2 , the isomorphism being given by (2.2.1).) 
We have an injection 

FC(L U L 2 ) ^ E v 

[ip] i-> ([Ann(Kerp)], [Imp]), 

and this defines ^ v on 7r~ 1 ([Li © L 2 ]) = 7?~ 1 ([^i © -^2])- We have defined Vv on 
all of (A4 V \ n v ); one checks immediately that it is a bijection. Our next task is to 
show that il> v is regular on parameter spaces for simple sheaves. Let £ be a family 
of torsion-free simple semistable sheaves on J parametrized by a scheme T, with 
v(£ t ) = v for all t G T, and let 

T ^ M v 



t 1 ► [£ 



be the modular map. Since £ is a family of simple semistable sheaves, the image of 
tp£ is contained in (A4 V \ f2 v ). 

(2.2.10) Proposition. Aeep notation as above. There exists a lift 

#:T^(A4 v \O v ) 

0/ V>f wif/i ifte following properties. 

(1) ITie induced map of sets is (given Identification (2.2.3)): 

ipsit) = S-equivalence class of £ t . 

(2) Let G T . If the map from the germ of T at to the deformation space of 
£ is an isomorphism, then ip £ is an isomorphism in a neighborhood of 
(for the classical topology). 

Proof. Clearly it suffices to prove the proposition for £ satisfying the hypothesis of 
Item (2); in this case the germ (T, t) is the deformation space of £t (after shrinking 
T if necessary), hence it suffices to prove that ip£ lifts in a neighborhood of 0. Let 
E := £ . Assume E is stable: it is well-known that ip£ is an isomorphism near 0, 
and furthermore since n : M v — > M v is an isomorphism over M^, the map tp£ lifts 
trivially and it has the required properties. Now assume E is strictly semistable, 
and let 

(2.2.11) 0->L 1 ^E->L 2 ^Q 
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be the destabilizing sequence of E. By Serre duality and simpleness of E, 

Ext 2 (E, E) = Ext°(£, E)* ^ C, 

hence the deformation space of E is smooth by Mukai [Muk2,(0.1)]; thus T is also 
smooth (after shrinking T around if necessary). Let 

where 7Tr: R — > Q is the blow up of flQ, its'- S — > R is the blow up of the strict 
transform of Eg (see [01,(1.1)]), and Eg is as in (2.2.5). Let xo G Q ss be such that 
F Xo = L\ © L 2 , where L\, L 2 are the sheaves fitting into (2.2.11). Let 

(2.2.12) j/o := [4, e £ ] G V(N(L U L 2 )) = (ir R o ^)- 1 (x ), 

where e# is the extension class of (2.2.11) (the second equality follows from (2.2.6)). 
The point yo is stable for the C*-action on F(N(Li, L2)), i.e. it is stable with respect 
to the PGL(7V)-action on S. Let U C S s be "Luna's etale slice" normal to the orbit 
PGL(N)y Q . Then (see [01,(1.8.8)]) 

Stab(yo) = Z/(2) 

acts on U. Let T be the sheaf on J x {/ obtained pulling back the tautological 
family of quotients parametrized by Q via the map U — > Q. Shrinking [/ around j/o 
(in the classical topology), we may assume that it satisfies the following properties. 
Let Eg be the closure of E s , and := Eg n U; there exist families of rank-one 
torsion- free sheaves Ci, £2 on J parametrized by Ey and an exact sequence 

(2.2.13) - £ 2 - F\ JxE[7 - & - 0, 
such that: 

(I) the restriction of (2.2.13) to J x {y} 

is a destabilizing sequence of for all y G E^/, 
(II) for y = y we have L 2 (y ) = £2, £1(2/0) = £i- 

Since E;y is a Cartier divisor we can construct the elementary modification of J- 
associated to (2.2.13), i.e. the sheaf Q on J x U fitting into the exact sequence 

(2.2.14) Q^G-> F^i^d) ->0, 

where i: J x E^ J x {/ is the inclusion. Then Q is flat over U. If y G (U \ Ey) 
we have ^ a = J- y . Now assume 1/ G Ey, and let x := 7r^ o tts(u)- By (2.2.6) the 
point y is an element of P(iV(Li, £2)), which we write explicitely as 



y=[e(y), V (y)}e¥(Ext 1 (L 1 (y),L 2 (y))(BExt 1 (L 2 (y),L 1 (y))). 
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Tensorizing (2.2.14) by On /m y (m y is the maximal ideal of y e U) one gets an 
exact sequence 

(2.2.15) 0->Li(y) ^ Q y -> L 2 («) 0, 
We claim that 

(2.2.16) rj(y) is the extension class of (2.2.15). 
To prove this, let 

K'.TyS ► EjXt {j~y,^Fy) 

be the Kodaira-Spencer map, and v(y) <E T y S be a vector normal to S^; according 
to [04,(1.11)] the extension class of (2.2.15) is equal to 

fi(y)on(v(y))o f 2 (y). 

Clearly this equals rj{y). Since y G [/ C 5 s , we have i](y) ^ 0, and hence Q is a 
family of simple sheaves. Furthermore by (2.2.16) and (2.2.12) Q yo = E. Hence, 
shrinking U if necessary, the family Q is the pull back of £ by a map g:U — > T with 
.9(1/0) = 0. Since E is simple 3(2/1) = .9(2/2) if and only if Q yi = Q V2 . As is easily 
verified this is the case if and only if 2/1 and 2/2 are equivalent for the Z/(2)-action 
on U. Thus we get an injective map 

g: U/Z{2) - T, 3(2/0) = 0. 

Both U and T have the same dimension as A4 V , so dim£/ = dimT. Since T is 
smooth we get that ~g is an isomorphism near 2/0- On the other hand, restricting 
the quotient map S s — > ,M V to {/ we get 

p: U/Z(2) ^ (M v \ fi v ) S (_M V \ O v ), 

which is an isomorphism onto an open neighborhood of p(yo) (by Luna's etale slice 
Theorem). Furthermore p(yo) G (S v \ fi v ) corresponds to £7y = E via (2.2.3). 
Inverting g near and composing with p we get a lift of ipg with the required 
properties. □ 

2.3. The symplectic variety Ai. Recall that 

M := a" 1 ^, 0), a v :=av°7rv, A4 := a^ 1 (0, 0), w:=w v |^j. 

Let us prove that M is smooth of pure dimension 6. A straightforward computation 
shows that the map 

M x J x J —U M v 

([F},x,$ ~ [Z®t*F], 

where t x : J — > J is translation by 2, is the quotient map for the action of J[2] x J[2] 
given by 

([F],x, {xo ' io) := (Ko ® t^H* - *o, £ ® Co- 1 ). 
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(2.3.1) MxJxJ^M v 
covering q. To prove it let M := n~ 1 (0, 0). There exists 

M x J x J -U M v 

covering q, because n is obtained by first blowing up Sl v and then the strict trans- 
form of S v , and 

q*Q v = Q x J x J g*S v = S x J x J, 

where := fi v n A4, £ := S v n .M. Furthermore, since the loci we blow up 
arc J [2] x J[2]-stable, the action of J[2] x J [2] on M x J x J lifts to an action 
on M x J x J, and (f is the quotient for this action. Since Ai v — ► .M v is the 
contraction of fi v , and (f*^ v = f2xJxJ (here f2 := O v nX), the map g descends 
to a map q as in (2.3.1); one verifies that q is the quotient map for a lift of the 
J [2] x J[2]-action. Now since q is etale and by (2.1.4) the moduli space M v is 
smooth of pure dimension 10, 

(2.3.2) * M. is smooth of pure dimension 6. 

(2.3.3) Proposition. Keep notation as above. Then M and J x J are orthogonal 
for q*uj v . 

Proof. It suffices to prove orthogonality on the dense subset q~ 1 M^, t . The compo- 
sition 

q-\M%) -^M v ^M s v 
is etale hence the differential at z e q~ x M^ gives an isomorphism 

(2.3.4) d(Troq(z)):T z (Ml x J x J) Ext 1 ^,^), 
where [E] = n o q(z). On the other hand we have isomorphisms 

q-\M s v ) = n^M 3 ' x J x J^* M st x J x J. 

Let (tt x id)(z) = ([F], x, £) (thus E = £ ® ^-F); by the above isomorphism we have 
a decomposition 

T 2 (A4 X J X J)= T [F] M © T x J © TfrJ. 

Restricting (2.3.4) to the direct summands we get 

T [F] M @T X J -^U Ext 1 ^, E)°, 
T^J^Ext 1 ^, E), 
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where 5 is the "diagonal embedding" <—> Ext 1 (E,E). By definition of 

Mukai's form (see (1.9) of [01]), 

?Z(z)(a,(3) = L Tr(dq(z)(a) A dq(z)([3)), 
J 

where the second wedge denotes Yoneda product. If dq(z)(a) G Ext 1 (E,E)° and 
dq(z){p)GS(H l (Oj)), then 

Tr(dq(z)(a)Adq(z)(f3))=0. 

Thus T{p}M. is orthogonal to T^jJ. Now let's prove orthogonality to T X J. Let 
ip:U —> M.^ be a neighborhood of in the etale topology such that there is a 
tautological sheaf £ on J x U, and let G U be a point mapping to [E]. We can 
represent ip*uj as the Mumford two- form induced by a representative of c 2 (£) G 
CH 2 (J x [/). More precisely, let Z be a cycle representing c 2 (£) and intersecting 
J x {0} transversely. Thus 

where the pt are pairwise distinct, and ej = ±1. Furthermore, by transversality 2 
defines for each i a map ff.ToU — > T Pi J. By [03,(2.9)] we have, for a,[3 £ To?7, 

(2.3.5) ^*55(a, /?) = -^r E e ^(/^( a )' M/ 3 ))- 
Let 

a £ diP(0)-\dq(z)(T [F] M)), 
P&di>(0)-\dq{z){T x J)). 

Then X^ e i/i( a ) = (in a trivialization of the tangent bundle of J), and /»(/?) is 
independent of i. Hence the right-hand side of (2.3.5) vanishes. □ 

(2.3.6) *Corollary. Keeping notation as above, w is a symplectic form on M. 

Proof. Since uj v is non-degenerate and q is etale, the two-form q*uj v is non degen- 
erate. By (2.3.3) we get that uo is non-degenerate. □ 

There is an analogue of Proposition (2.2.10) valid for A4, which follows immedi- 
ately from (2.2.10). Let £ be a family of torsion-free simple semistable sheaves on 
J parametrized by a scheme T, with v(£ t ) — v, det(£ t ) = Oj, X) c 2(£*) = for all 
t G T. Let ipg: T — > Ai be the modular map. 

(2.3.7) Proposition. Keep notation as above. There exists a lift 

of tp£ with the following properties. 

(1) The induced map of sets is (given Identification (2.2.3)): 

tpe(t) = S-equivalence class of St- 

(2) Let G T. Assume the map from the germ (T, 0) to the locus in Def(£o) 
parametrizing sheaves with trivial determinant and Albanese map is an 
isomorphism. Then the map ip£ is an isomorphism in a neighborhood of 
(in the classical topology). 
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(2.3.8) Notation. Let £ := Sr^E, i.e. 

:= {x e M\ n(x) is represented by a strictly semistable sheaf}. 

Let 

B := closure of {[F] G A4\ F is singular and stable}, 
and B C M. be the strict transform of B. 

(2.3.9) Remark. Let y G (E \ 0). The correspondence (2.2.3) associates to y 
two isomorphism classes of simple sheaves on J, a sheaf -E fitting into 

-> Li -> £ -> Z, 2 -» 0, 

with extension class e, and a sheaf G fitting into 

-> L 2 -» G -> Li -> 0, 

with extension class e . Let T and £ be as in (2.3.7), and assume £q = E. Then 
by (2.3.7) a neighborhood of y can be identified with a neighborhood of G T. 
On the other hand, by the same proposition, a neighborhood of £ T must also 
parametrize a family Q of deformations of G. What is the realtion between Q and 
£ ?One passes from one to the other by means of an elemntary modification. In 
order to explain this, let 

S(T) := {t e T\ £ t is strictly semistable}. 

Then (shrinking T in the classical topology, if necessary) there is an exact sequence 

-> Cx -> f | JX £ (T) ^£ 2 ^0, 

which for every t G S(T) restricts to the destabilizing sequence for £ t . One verifies 
that Q is the sheaf on J x T fitting into the exact sequence 

-► g -> f -» u£ 2 -» 0, 

where i: Jx S(T) J x T is the inclusion. 

3. an application of the generalized 
Lefschetz Hyperplane Theorem. 

For a G J let 

Z a :={[F] G M\ F\s a is not locally-free semistable}, 
(3.1) Z a :=H-\Z a ). 

Applying the generalized Lefschetz hyperplane Theorem [GM] to the determinant 
map of A4, and arguing as in [01,(3.0.1)] one gets the following result. 
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(3.2) *Proposition. Keep notation as above, and let i: Z a <—* M be the inclusion. 
The map 

i # -.TT q (Z a ) -> ir q (M) 
is an isomorphism for q < 1 and a surjection for q — 2. In particular 

H 2 {Z a :Z)^ H 2 ( Af ; Z) H 2 (At; Z) ^ H 2 (Z a ; Z) 
are surjective and injective, respectively. 
Let 

(3.3) E Q :=E n Z a , 

(3.4) £?° ~{[F] eM\ F is stable and i*F is singular}, 

(3.5) :={[F] S A1| z*F is locally-free, not semistable}, 

and let -B Q , be the closures of B® and V^ 1 respectively. Let S Q := 7r _1 (£ a ), and 
let B a ,V a C At be the strict transforms of B a and V a , respectively. Clearly we 
have a decomposition into closed subsets 

Z a = E Q U B a U V a . 

(3.6) Claim. Keep notation as above. If 

(3.7) a£ [J X) 

a;eJ[2] 

tften Z a c (At \f2). 

Proof. Assume Z Q n 7^ 0. Let z6Z„n 0, and let [F] = n(z). By (2.1.2) we have 
an exact sequence 

O^I x ®t^F^I x ®£^0, 

for some x e J, £ € J. Since [F] G Z„, we must have ie9„, i.e. a £ O x . We have 
a; G J[2] because C2(-F) = 0; this proves the claim. □ 

Thus in analyzing Z a we will be able to use the moduli-theoretic interpretation 
of (M \ fi) given by Proposition (2.3.7). 

(3.8) Remark. Let a v :M v — > J x J be as in §1 and 

M J := a' 1 (J x {6}) 

Z J a := ^{[i* 1 ] e a^(J x {6})| F|e Q is not locally-free semistable}. 

Applying the generalized Lefschetz Hyperplane Theorem to the determinant map 
on At J we get that the inclusion Z J a <—* A4 J induces isomorphisms on ir q for q < 3, 
and a surjection on H4. The restriction of a v to A4 J is a fibration over J with 
fiber At, and one verifies easily that M J is cohomologically the product of J and 
A4. Hence if Z J a were a cohomological product of Z a and J we would know that 
Z a At induces isomorphims on i? 9 <g> Q for g < 3. Now Z J a is not a fibration: 
the generic fiber is homeomorphic to Z a but special fibers arc not, however the 
equality 62 (At) = b 2 (Z a ) that we will prove, shows that up to H 2 the cohomology 
of Z J a is the product of that of Z a and of J. 
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4. Analysis of S q . 

The *-red tags not contained in Subsection (4.4) are (4.1.1), (4.3.2) and (4.3.10). 
We choose a so that (3.7) holds. (Co)Homology is with rational coefficients. 

4.1. Low-dimensional topology of S Q . Let / := 7r|g . By Claim (3.6) we have 
S a C (M \ O), hence / is a P 1 -fibration over S a : 



(4.1.1)* 



Thus 

(4.1.2) 
(4.1.3) 



W(H a ) S ff'(E Q ), g = 0,l 
ff 2 (£«) = ff 2 (£ Q )®Q Cl ( W/ ), 



where w/ is the relative cotangent bundle of /. 

4.2. Low-dimensional topology of S a . The map k:Cx J^S a defined by 
K(p,x) := [/ ia(p ) <g> £ 2 8 /-» a (p) ® £-2] 

is surjective. It is not injective, because of points which are both in 6 Q and — Q . 
We claim that 

(4.2.1) e Q n(-e Q ) = e Q ne- Q = {i a («i),*a(«2)} q\ + qi. 

In fact Q a ^ 0- a because by (3.7) 2a ^ 0. Thus i* (6_ a ) = qi + q 2 , where 

(4.2.2) qi + q 2 ~ K c - 2a. 

It follows from (3.7) that qi ^ q 2 . Clearly n(qi,x) — n(q 2 , —x). One easily shows 
that 

(4.2.3) S a ~(Cx J) I = 
where = is the equivalence relation generated by setting 

(4.2.4) { qil x) = (q 2l -x). 

In order to discuss the topology of S Q we introduce some notation. Denote by C 
the quotient of C obtained identifying q\ with q 2 , and let 



C 



[-*»<, (9) © 7 -»o(9)]- 
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(4.2.5) Proposition. Keep notation as above. 

(1) tf°(E a ;Q)^Q 

(2) The map H (E a ; Q) — » i/ 1 (C;Q) is an isomorphism. 

(3) The map n*: i? 2 (E Q ; Q) — > H 2 (C x J; Q) is an isomorphism. 

Proof. Item (1) follows at once from (4.2.3). Let C° := (C \ {(ft, 92}), an d 

(4.2.6) E° := k(C° x J) ~ (7° x J. 
(Thus E" is the smooth locus of E a .) Let 

(4.2.7) — ► tf 9 " 1 ^) ^ tf«(E a , E°) — tf«(E a ) — H q (Y? a ) ^ • • • 

be the long exact sequence of the couple (E Q , E° ) (with rational coefficients). Let 
Ai, A2 C C be disjoint discs centered at q\, qi respectively, and let B be obtained 
from Ai U A2 by gluing qi and q 2 . Let B° C B be the complement of the "center" , 
i.e. 5° := (Ai \ {q x }) U (A 2 \ {92})- By excision and Kiinncth 

-ff 9 (E a , E" ) = H q (B x J,B° x J) = Qe ® H q ~ 1 (J) © (Q771 © Qt^) <8> H q ~ 2 (J), 

where e is a generator of H 1 (B, B°) and {r]i, 772} is the basis of H 2 (B, B°) dual to 
the basis of H 2 (B, B°) given by the push- forward of the local orientation classes of 
(A,, A, \ {qi}). By (4.2.6) and Kiinncth 

#9-i( S 0) s ff9-i(.7) © ^(C ) © H q - 2 (J). 

Given the above identifications, the boundary map in (4.2.7) is given by 

tf*-i( E 0) ^ H q {V a ,Y? a ) 

(a,<p®ip) h-> (a + (-l) q a, (J (p)(rji ® ^ - 772 © V0)> 

7 

where 7 G H\(C°) is the class of a loop around (ft (with orientation induced by that 
of Aj). Thus for q = 1 Exact Sequence (4.2.7) gives 

— ► H 1 (B, B°) © H°(J) — ► fl' 1 (E a ) — ► H 1 ^) — > 0, 

and this gives Item (2). For q = 2 we get 

-► Q(??i + 772) ® -► F 2 (E Q ) -f ff 2 (J) © ff^C) (8) H\J) 0. 

This gives Item (3). □ 

4.3. The intersection with B a . Let v$ : Iq — ► J be the blow-up of J [2], i.e. the 
case a = of (1.12). Let t: Io — > Io be the involution covering (—1). Let « be the 
equivalence relation on C x Iq generated by 

(4.3.1) («Zi,*)«(«2, *(£)), 

where qi,q 2 are as in (4.2.1). We will prove the following result. 
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(4.3.2) *Proposition. Keep notation as above. Then: 

(1) Given Bijection (2.2.3), S Q l~l B a is the subset of S Q parametrizing S- 
equivalence classes of sheaves F which are singular at two distinct points. 

(2) There is a map k: (C x I ) — > S Q (~l B a which identifies T, a (~l B a with the 
quotient of (C x Iq) modulo w. 

(3) Given (4-2.3) and Item (2) above, the restriction ofn to T, a CiB a is identified 
with the map 

(C x To/ «) — > (C x J/ =) 
induced by idc x z^o- 
The proof of Proposition (4.3.2) will be given after some preliminary results. 

(4.3.3) Lemma. Let F be a simple torsion-free sheaf on J with v(F) = v, whose 
S-equivalence class belongs to B v via (2.2.3). 

(1) The double dual F** fits into an exact sequence 

(4.3.4) o -» -» -> 0, 

where & G J. Ira particular £(F**/F) = 2. 

(2) Exact sequence (4-3.4) is split if and only if £i 1 ® £2 ^ Cj- 

(3) // [F] G -B a i/ien Sing(F) = {x, —x} where x ^ —x. 

Proof. Let E := F** . First we prove that 

(4.3.5) c h 2 om (E) = 0, 

where Cq° m is the Chern class in cohomology. Since E is slope-semistable, Bogo- 
molov's inequality tells us that c\ om {E) > 0. Thus it suffices to prove that (4.3.5) 
holds for sheaves F parametrized by an open dense subset of B. We will prove it 
for [F] G B \ S, i.e. we assume F is stable. Since c^ om {E) < 4° m (F), because F 
is singular, C2° m (E) equals or 1. Let us show that 

(4.3.6) if 4 om (E) = 1 then E is not slope-stable. 
Assume E is slope-stable. Then 

(4.3.7) H°(E <g> £ s ) = = H"{E* ® /Ir 1 )* = H 2 (E ® £ 2 ). 
Hence by Riemann-Roch 

(4.3.8) dim H^E ® £ £ ) = 1 for all x £ J. 

From (4.3.7) it follows [Mum,pp.46-55] that <^(£ ® </>*£) = i? 2 <^(£ ® </>*£) = 0. 
Applying Grothcndicck-Ricmann-Roch we get 

ch(R%(£ ® 0*£7)) = -^,[cft(£)0*c/i(£O] = 1 - 2^, 

where nj is the fundamental class of J. This is absurd because by (4.3.8) the sheaf 
R (()*{£ ® <j>*F) is a line-bundle on J. We have proved (4.3.6). Let 

— > £i — ► .E — > <S> £2 — > 
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be a slope-destabilizing sequence, where the &'s are line bundles, and Z is a zero 
dimensional subscheme of J. Since E is slope-semistable (because F is) we have 
L ■ = 0, so by Hodge index L ■ L < 0. From 

i = 4° m (E)=e(z) + J Cl (ei)-ci(6) 
j 

one easily gets that & • & = 0. Hence by Hodge index 6 J. If x is the singular 
point of F the sheaf I x ® £i injects into F. This contradicts our assumption that F 
is stable, and proves (4.3.5). Let us prove Item (1). Since c\ om {E) = = c% om {E) 
and E is slope-semistable, it follows that E — F** fits into Exact Sequence (4.3.4). 
This is well-known (E is a flat vector-bundle), a quick proof is as follows: by 
Grothcndicck-Ricmann-Roch we get 

2 

^(-l)*c/i(F>»(/; ® </>*£)) = ^[c/i(£)^*c/i(E)] = 2r/j. 

i=0 

On the other hand if Hom(£j, E) = for all x, then each i? 4 appearing in the right- 
hand side of the above formula is zero. Thus Hom(£j^,F) for some xo G J, 
and this proves Item (1). To prove Item (2), first notice that if ^f 1 ® £2 ^ Cj then 
every extension (4.3.4) is trivial. Thus we may assume that £1 = £2 — £, an d we 
must prove that (4.3.4) is non-split. Assume the contrary, i.e. that F** = £ © £. If 
x is a singular point of F, one easily checks that I x £ injects into F. Thus, since 
[F] ^ fi (because F is simple), we must have — x ^ x. Since also 7_ x ® £ injects 
into F, we get that F = I x ® £ © J_ x ® £, contradicting the hypothesis that F is 
simple. Finally Item (3) follows immediately from Assumption (3.7). □ 

Let [F] G E \ f2, where F fits into the exact sequence 

(4.3.9) 0^ I x ®£^ F ^ I-x^C 1 -^0, 

and is simple. Let £ be a family of torsion-free simple semistable sheaves on J 
parametrized by T, satisfying the hypotheses of Proposition (2.3.7), with £ = F. 
Thus the map ips'.T — > .M identifies a neighborhood of G T with a neighborhood 
of [F] G A4. Let 

A(T) :={t G T| E t is singular}, 

E(T) :={t G T\ £ t is strictly semistable}, 

B(T) :=closure of {t G T\ £ t is singular and stable}. 

Thus A(T) = E(T) U B(T) (recall Lemma (2.1.2)). 

(4.3.10) *Lemma. Keep notation as above. Assume that x 7^ — x. T/ien (after 
shrinking T around i/ necessary) 



(4.3.11) 



E(T) n F(T) = {«£ E(T)| £ t is singular at two points}. 
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Furthermore S(T) and B(T) intersect transversely. 

Proof. Let us prove (4.3.11). Clearly it suffices to show that 

(4.3.12) £ B(T) if and only if F is singular at -x. 

The "only if" follows immediately from Lemma (4.3.3). Now assume F is singular 
at (—x). From (4.3.9) we get an exact sequence 

(4.3.13) -» £ -> F** -» -» 0. 
We also have an exact sequence 

-> F — ► F** ^» © C_ x -» 0, 

where 

p(e ±1 W)^0, </(£(-*))= 0. 
(Here ^ ±1 (±x) is the fiber of at ±x.) Choose a surjection 

F**(—x) — ^> £(—x), 

and let S := Hom(f(-i), C_ x ). For seS let 

g(s) := g + s o t, 

and let F s be the sheaf on J fitting into the exact sequence 

-> F s — » F** C, © C_, -» 0. 

The sheaves F s form a family of torsion free simple semistable sheaves on J, with 
v(F a ) = v for all s. Furthermore F s is singular for all s, isomorphic to F for s = 0, 
and stable for s ^ 0. This shows that £ B(T), and finishes the proof of (4.3.11). 
Now let's prove that S(T) C\B(T) intersect transversely. Clearly it suffices to prove 
that they are transverse at 0. Let T be the universal deformation space of F, and 
£ the family of sheaves on J parametrized by T . Thus T C T, and £ = £\ j x t- Set 

E V (T) :={t e T\ £ t is strictly semistable}, 

B V (T) :=closure of {t £ T\ £t is singular and stable}. 

The map 

T — > J x J 

t h-> (£<*(£*), det(£ t )) 

is submersive at and gives fibrations S V (T) — > U and B V (T) — > C/, where ?7 C 
J x J is an open subset, with fibers E(T), F(T) respectively. Thus in order to prove 
that £(T) and -B(T) iintersect transversely at it suffices to show that S V (T) and 
B V (T) are transverse at 0. By [04,(1.17)] we have 



T £ V (T) = {e£ Ext 1 (F,F)\ /? o e o a = 0}, 
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where a, (3 are as in (4.3.9), and we identify Tq(T) with Ext 1 (F, F) via the Kodaira- 
Spencer map. Let S be as above, and n: ToS — > Ext 1 (F, F) be the Kodaira-Spencer 
map. It is easy to check that 

po K ( — (0))oa^0. 

Since S C B(T) C S V (T), we see that T S V (T) <£T B V (T). In particular E V JT) is 
smooth in (this also follows from the fact that S V (T) is the pull-back of S v for 
the map T — > A4 V , which is etale in 0.) Hence all that remains to be proved is that 
B V (T) is smooth at 0. This we do by analyzing the map p fitting into the exact 
sequence 

Ext^F) H°(Ext\F,F)) -» H 2 (Hom(F,F)) Ext 2 (F,F), 

a piece of the local-to-global Exact Sequence for Ext* (F, F) . Since 

H°(Ext 1 (F, F)) = Ext 1 (F <g> Oj iX , F <g> Oj iX ) © Ext 1 (F <g> e>j,_ x , F ® Oj,_ x ), 

we can define p± x as the composition of p with projection to the first and second 
summand respectively. In order to prove that T B V (T) ^ F (T) it suffices to show 
that p-x is surjective. In fact assume this has been proved: by Lemma (4.3.3) 
first-order deformations belonging to TqB v (T) do not smooth the singularity of F 
at (—x), and hence TqB v (T) is a proper subspace of Ext 1 (F, F). Now let's show 
that p-x is surjective. The transpose of A is given by 

Hom(F, F) Hom(Fom(F, F), Oj), 

From 

Hom(F, F) -> Hom(F**,F**) C, © C^^ 

one gets that Hom(F"om(F, F),Oj) ^ Hom(F**, F**). With this identification the 
map A* is the canonical one. We claim that 

(4.3.14) dimHom(F,F) = 1, dimHom(F**, F**) = 2. 

The first equation holds because F is simple. To prove the second equation, look 
at Exact Sequence (4.3.13). If £ ^ the exact sequence is split, and the equation 
follows. If £ = the exact sequence is not split, otherwise we would have 

F = (I x ® I-x) ® which is not simple: it follows easily that the second equation 
holds. From (4.3.14) we get that dimkerA = 1, and hence 

(4.3.15) cod^mp) = 1. 

We claim p x is not surjective. Since Ext 1 (F, F) is spanned by T S V (T) and T B V (T) 
(because TqTi v (T) is of codimension 1 in Ext 1 (F, F) and not equal to TqB v (T)) it 
suffices to check that every first-order deformation in T S V (F) or in T B V (T) does 
not smooth the singularity in x: this follows from (2.1.2) and (4.3.3). Thus we get 
from (4.3.15) that p~ x is surjective. This finishes the proof of the proposition. □ 
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Proof of Proposition (4-3.2). Item (1) follows at once from Item (3) of (4.3.3) and 
Lemma (4.3.10). Now we prove Items (2)-(3). Let (/cSbe the open subset given 

by 

U := {[I x ®£0/-x x + -x}, 

and let U := ^F^ 1 1/. By Proposition (2.3.7) and Lemma (4.3.10) S n £? n (7 is 
smooth. Let J° := (J \ J[2]), where J[2] is the kernel of multiplication by 2, and 
set 

(4.3.16) X := (J° x J) xt/ (SnBflC/), 
where ( J° x J) — > J7 is the etale degree- two map 

J° x J — ► [/ 

(z,0 ^ [Jx®^/-*^ -1 ]. 

Since £ n £> n [/ is smooth and the above map is etale, X is smooth. 

(4.3.17) Claim. Keep notation as above. The projection h: X — > (J° x J) is ifce 
blow-up of(J° x J [2]). 



Proof of the claim. Since X is mooth it suffices to show that 
(4.3.18) h^ix^) 
The exact sequence 



one point if £ ^ J[2], 
P 1 if£eJ[2]. 



gives an exact sequence 

o Ext 1 ^" 1 , 4 ® — ► Ext 1 ^, ® r 1 , 4 ® 0. 

and 

(4.3.19) h-^s.O = P(Ext 1 (r 1 , 4 ® 0) = P(^(4 ® £® 2 )). 

An easy computation gives (4.3.18), and this proves (4.3.17). □ 
Let g:X^J° be the projection, and let 

X a :=g-\Q a )^Cx%, 

where the second isomorphism holds because of (4.3.17). By (4.3.16) we have a 
natural map 

X a — ► S a n B a n u = S Q n B a , 

where the equality follows from Item (3) of (4.3.3). One verifies easily that the map 
above is the quotient map for w; proving Item (2). Item (3) is immediate □ 
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4.4. Topological results. First notice that by (4.1.1) and (4.2.3) 

(4.4.1) * S Q is irreducible. 
Furthermore (4.1.2) and Item (2) of (4.2.5) give 

(4.4.2) * b 1 ^) = 5. 

Now we pass to £ a fl B a . Given Item (2) of (4.3.2), the low-dimensional coho- 
mology of S Q fl B a has a description similar to that of T, a given in (4.2.5). More 
precisely, choose z G Iq belonging to the exceptional divisor of k. The map 

C — ► C x T 
q i > (q,z) 

induces a map ju: C — > S a fl B a . "Copying" the proof of Item (2) of (4.2.5) one gets 
that fl*: i? 1 (S ce nB a ;Q) — > ^ 1 (C; Q) is an isomorphism, hence 

(4.4.3) * 6 1 (E a nB„) = 5. 
Furthermore, letting k be as in Item (2) of (4.3.2), one gets that 

(4.4.4) k*:H 2 (Y, a n -B Q ; Q) — > H 2 {C x J ;Q) is an isomorphism 

by "copying" the proof of Item (3) of (4.2.5). Thus k* gives an identification 

16 

(4.4.5) if 2 (£ Q n B Q ;Q) =0Q[Cx E t ] 0(id c x ^)*# 2 (C x J), 

»=i 

where i?j C Iq are the irreducible components of the exceptional divisor of v§. 

Next we examine the maps on fundamental groups and cohomology induced by 
the inclusion p: E a flJi tt ^E tt . 

(4.4.6) *Proposition. Keeping notation as above p#:7Ti(£ a fl B a ) — ► 7Ti(£ a ) is 
an isomorphism. 

Proof. The maps 

7T#: 7Tl(£ a ) — ► 7Tl(S a ) 7T # O p # : 7Tl(£ Q ("1 B a ) -> 7Tl(E a ) 

are isomorphisms, and this implies that p# is an isomorphism. □ 

(4.4.7) Proposition. T/ie map 

if 2 (E a ;Q)Aff 2 (S a nB a ;Q) 
induced by Inclusion p is injective. Furthermore, referring to (4-4-5), we have 
(4.4.6)* Im(K*^) = Q[C x £] 0(id c x v )*H 2 {C x J). 
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Proof. Given that 

(id c x k) = /ls a ns a > 
where / is the map of (4.1.1), and given (4.1.3) together with Item (3) of (4.2.5), 
it suffices to notice that 

(K*p*ci(w/),p x Ei) = -2 

for every i = 1, . . . ,16 (here p 6 C). □ 

We will need to know exactly the class of k* p* {c\{w f)) . Let C be the Poincare 
line-bundle on J x J, and i a as in (1.8). We will prove that 

(4.4.9) * «V(w/) ~ (i a x v )*{C m ) ® [2C x £], 
where _E C /o is the exceptional divisor of z/ . 

Proof of (^.5/ Let J° := (J \ J[2]), and t: J° ^ J be the inclusion. Notice that 
we also have a natural inclusion J° ^ Iq- It suffices to prove that 

(4.4.10) «V(w/)| Cx ;c = (ia X £)*£® 4 . 

In fact, since 

kV(w/)| p xs, =0 Bi (-2) 
for p £ C and i = 1,... ,16, Equality (4.4.10) immediately implies (4.4.9). To 
prove (4.4.10) we must describe explicitely the inclusion 

(4.4.11) C x J° ^ (C x J°) x Scv S Q 

whose image is dense in S Q n B a . Let A Q , — A a C J x (C x J°) be given by 

A a :={(i a (p),p,£)| P eC, CeJ }, 
-A Q :={K(p),p,C)|peC, £eJ°}, 

and let ip: J x (C x J°) — ► (C x J°) be the projection. By (4.3.19) we can iden- 
tify (4.4.11) with 

(4.4.12) Pi?V*(^A„ ®(£T 2 ) ^P£a4(/_ Aa ®£°,/a q ® oc )- 1 )), 

where £° := (id,/ x t)*L. (To simplify notation we omit pull-back signs whenever 
possible.) Thus 

(4.4.13) k* P *(u f )\ CxJo <* jzV.(/a ® (£T 2 ) ® Q" 1 , 

where <2 is the line-bundle fitting into the exact sequence 

o i?v*(») -» £a4(», •) -» e -» o. 

(Here P 1 and i^xi 1 are the sheaves appearing in (4.4.12).) We have an isomorphism 

e<*£a4((£Vl-A«..JA a ®r ), 

and applying Serre duality we get 

Q = Hom v (£ , (jC^-'I-aJ- 1 = (ia x i)^- 2 . 
Another easy computation gives 

i? 1 ^^ ® (£T 2 ) = (* Q x t yz; 2 . 

Using (4.4.13) we get Equation (4.4.10). □ 
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5. Analysis of B a . 
There is a single *-red tag not contained in Subsection (5.2), i.e. (5.1.1). 
5.1. Realization of B a as a P 1 -fibration. We will prove that there is a fibration 

P 1 ► B a 

(5.1.1)* | fl 

C x KMj, 

where K^J is the Kummer surface of J, i.e. the subset of jl 2 l parametrizing 
subschemes whose associated cycle sums up to 0. We define g by giving its two 
components. First we define g\.B a — > C. Let z G B a . By Item (3) of (4.3.3) the 
sheaf F z has two distinct singularities, say x and —x. One at least of x, —x belongs 
to 6 a . The set of unordered couples (x,—x) intersecting 6 Q is identified with C 
via the map 

C — ► J x J 

P >-> (i a (p),-i a (p)). 

Given the above identification we set 

B 91 > C 
^ ^ z i — ► sing(F z ). 

In order to define gi'- B a — * J we must analyze the moduli space of isomorphism 
classes of semistable rank-two vector-bundles E on J with c\ om = = c^ " 1 (i.e. flat 
vector-bundles), such that dimHom(£?, E) = 2 (the minimal dimension for such 
bundles). We claim that this moduli space can be identified with This follows 
from a more general statement proved in [BDL]. We sketch a proof for the reader's 
convenience. Let M^ l {2) be the set of isomorphism classes of such vector-bundles. 
First we give a one-to-one correspondence 

Let [E] £ M fl (2); then either E = ^®^ 2 , where £i ^ £ 2 , or £ fits into a non-split 
exact sequence 

(5.1.3) Q^t^E^Z^O. 

(We are excluding the flat bundles isomorphic to £ © £.) In the former case we 
set ip{[E\) :— {£1,^2}, in the latter we associate to [E] the couple Q£],Ce), where 
e e -ff 1 (C,/) = T[ € ] J is the extension class of (5.1.3). (Thus in the latter case (p([E]) 
is a non-reduced subscheme of J.) Clearly <p is a bijection. 

(5.1.4) Proposition. ifeep notation as above. Let £ be a family of vector-bundles 
on J parametrized by (a reduced scheme) T, with [St] G M^ l {2) for all t G T. The 
map ip£-.T —> M.f l {2) is regular. 

Proof. It is sufficient to prove the following. Assume that G T, and that T 
is the deformation space of E := £q\ then tpg is regular in a neighborhood of 
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0. If E = £1 (B £2 the statement is obvious, so let's assume E fits into Exact 
Sequence (5.1.3), with extension class e. Let 

A := {t £ T\ £ t is not a direct sum}. 

Then A is of pure codimension 1. Let f:T — > T be the relative Quot-scheme 
parametrizing quotients £ t — > r/, where 77 £ J. Then T is smooth, and / is a double 
covering, ramified over A. Let A := / _1 (A). For t £ T with /(i) = t, we have a 
well-defined exact sequence 

0^X^£ t ^r]^0, 

where A, r\ £ J. Thus we can define a (regular) map 

T J x J 

i 1 > (A, 77). 

Clearly 5(A) = A, where A is the diagonal. Thus dg(0) (here is the point such 
that /(0) = 0) induces a map 

Moy.N f ~ A (o) - % £) (j x j) = /r^oj). 

We claim that 

(5.1.5) lmdg(0) = Ce. 

Given the above formula one concludes that (pe(0) is regular in a neighborhood of 
as follows. By (5.1.5) the pull-back g*(I^) is a locally principal ideal sheaf with 
zero-locus A, hence g lifts to a regular map 

G:f -> Bl A (Jx J). 

Since jl 2 l is the quotient of Bl^(J x J) by the natural involution, we get a map 
This map is invariant by the involution interchanging the sheets of /, 
hence it descends to a regular map h:T — > jl 2 l . Obviously h coincides with ips on 
T \ A. Furthermore by (5.1.5) we have h(0) = (fie(0)', since the germ (T, t) is the 
deformation space of £t for all t in a neighborhood of 0, we get that h(t) = tps(t) for 
all t near 0, and proves the proposition. We are left with the task of proving (5.1.5). 
Let F C J be a curve containing £, smooth in £, and such that X^r = Ce. Let 
i: Jx {0} ^ J x T be the inclusion. Let T be the sheaf on J x V fitting into the 
exact sequence 

Q^T->£,®O r (B £|./xr ^ i.£ -» 0, 

where £ is the normalized Poincare line-bundle, and we choose a so that neither 
£ €5 Or nor £| j x r belongs to T . Then T is a family of sheaves on J parametrized 
by T, and [J 7 ^] £ M^ l (2) for all i£f. Furthermore we have an exact sequence 
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and one verifies that the extension class is equal to e. Thus J-q = E, hence T 
induces a regular map m: T — > T, with m(0) = 0. Actually m lifts to a map 
rh:T — > T, because the inclusion £ <g> Or(—J x {0}) T determines a quotient 
T x — > ?7, with 7] e J, for all ieT. As is easily verified 

dj?(0) o dm(0) = Ce. 

This proves (5.1.5), because lmdg(0) can not be equal to all of 7? 1 (Oj). □ 

Now we are ready to define gi'-B a — ► K^J. We work locally. Let z <E B a ; by 
Proposition (2.3.7) there exists a neighborhood £7 C B a (in the classical topology) 
of z parametrizing a family T of torsion-free simple semistable sheaves on J, with 
v{Tt) = v for all t E U, such that the S'-equivalence class of T t corresponds to t 
via (2.2.3). By Proposition (4.3.3) we have [jF t **] e M fl {2) for all t e U. Thus 
by Proposition (5.1.4) the family !F** induces a regular map h:U -> Jt 2 l since 
det(^t) = Oj for all t e U, the image of h is contained in K^ J. These maps are 
independent of the choice of family T (see Remark (2.3.9)) and they glue together, 
defining g 2 :B a -» K^J. 

Claim. The map g := (gi,g2)'-B a — > C x i^ 2 ! J is a P 1 -fibration. 

Proof. Let ((&, —a;), [£]) eCx if [ 2 ]j. The fiber <7 _1 ((x, -x), [E]) is isomorphic to 
the set of ^-equivalence classes of simple semistable sheaves F fitting into an exact 
sequence 

-> F -> E -> ffi -» 0. 

One verifies easily that this set is isomorphic to P 1 . We leave it to the reader to 
check that g is locally trivial. □ 

5.2. Topological results. From Fibration (5.1.1) we get that 



(5.2.1) * B a is irreducible, 
and that 

(5.2.2) * ff^-Ba) = H 1 (C) ^ Q 5 , 

(5.2.3) # 2 (B tt ) = i? 2 (C) © H 2 (K [2] J) © Qci(w fl ), 



where u> g is the relative cotangent bundle of g. 

In proving that A4 is simply connected it will be useful to represent it\(B a ) as 
follows. Let E\ C Iq be the component of the exceptional divisor of v a mapping to 
and let 

(5.2.4) R:= (C x Ei/ &)^C x Ei, 

where w is as in (4.3.1), and j: R B a be the inclusion given by (4.3.2). Then 

(5.2.5) * j#:iri(R) — > 7Ti(B a ) is an isomorphism 

because, letting gi be as in (5.1.2), the composition (gioj)-.R — > C is the projection 
to the first factor of (5.2.4), hence <7i ; # o j# is an isomorphism, and <7i,#: 7Ti(_B Q ) — ► 
7ri(C) is also an isomorphism. 

For the proof of the main Theorem we will need to know the map on 2-cohomology| 
induced by the inclusion A: (S a PI B a ) £? a . 
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(5.2.6) *Proposition. Keep notation as above. Then 

\*:H 2 (B a )^ H 2 {B a ^ a ) 

is injective. Furthermore, given Isomorphism (4-4-5), 

(5.2.7) * 

16 

lm(k*\* 2 ) = Q[C x Ei] 0(id c x is y(H 2 (C) © H 2 {J) © Q Cl ((i Q x idj)*C)), 

i=l 

w/iere k is as in Item (2) of (4-3.2). 

Proof. Given (5.2.3) and (4.4.5), in order to prove that A* is injective and that 

(5.2.7) holds, it suffices to show that 

(5.2.8) k*\*oj g = (id c x is )*£® ( - 4) ® [-2C x E]. 
(Recall (4.3.2).) We will show that 

(5.2.9) k*X*{ Cl (io g )) = -kV*(ci(w/)) 

in the Chow group, and then (5.2.8) will follow from (4.4.9). Let E* C E and 
£?* C be the open subsets given by 

e* -^{[/^©/-x^r 1 ]!^-*), e^r 1 }, 

5* :={[F]| sing(F) = {x,-x}, x + {-x), F**°*£®?, t^C 1 }- 

By Lemma (4.3.10) they intersect transversely, and hence by adjunction 

tf £ . ng .~[E + B]| £ . n5 .. 

(Because — 0.) Restricting n to E* n B* we get an isomorphism (E* (~)B*) = 
(J° x J°), hence K^, nB , ~ 0. Thus 

(5.2.10) [S]| £ . n5 .~-[B]| £ . n B.. 

Restricting 7? to E* we get a P 1 -fibration F: E* — > (J° x J°), and thus 

In fact the first equivalence follows from adjunction, and the second one (where 
io f is the relative cotangent bundle of F) from triviality of the canonical bundle of 
(J° x J°). We also have a P^fibration 

B* (J°/(-l)) x (J°/(-l)) 

[F] ~ (sing(F), {£, 

where F** = ^ © Thus by a similar argument we get 

\B]\b* ~ k b* -ug- 
The last two equivalences together with (5.2.10) prove (5.2.9). □ 
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6. Analysis of V a . 

6.1. Introduction. By definition V° is the locus parametrizing sheaves F such 
that there is an exact sequence 

(6.1.1) O^A — >i* a F^£^0 

with i* F locally-free and £ a line-bundle of negative degree. Let G be the torsion- 
free sheaf on J fitting into the exact sequence 

(6.1.2) -»G— ►F^X ®jr c )->0, 

where / is obtained tensorizing / with the identity map of Kq (notice that by 
adjunction i*(9 a ) ~ Kc)- In other words G is the elementary modification of 
P(0 Q ) associated to /. We will show (see Lemma (6.3.22)) that deg£ = — 1, and 
thus by a straightforward computation 

v(G) = 2 + 6>=:w, 

where 9 :— m (6). We will also prove that G is slope-stable (see Lemma (6.3.19)), 
hence [G] £ A4 W . Since (6.1.1) is uniquely determined by F, the above construction 
defines a regular map from V° to X w . Notice that G comes with extra structure, 
namely an exact sequence 

(6.1.3) o -► f — » t*G A ® Jfc 

which is part of the long exact sequence of Tor's obtained by applying the functor 
(g>0e Q to (6.1.2). As is easily verified, the sheaf F is the elementary modification 
of G associated to Exact Sequence (6.1.3). Hence by associating to [F] the couple 
consisting of [G] and Exact Sequence (6.1.3) we get an isomorphism between V® 
and a locally-closed subset of a quot-scheme over .A/f w . Since V® is dense in V a , this 
will give a way of relating V a to A4 W . The section is organized as follows. In (6.2) 
following Mukai, Yoshioka [Mukl,Y2] we apply the Mukai transform to prove that 
A4 W is the product J x J. In (6.3) we show that V° is isomorphic to P°, a locally 
closed subset of a Quot-scheme over .M w . We denote by P a the closure of P° in 
the Quot-scheme over A4 W ; in Subsections(6.4)-(6.5) we give results on P a and the 
boundary P a \P®. We will not construct directly P a (the difficulty lies in analyzing 
it singular points), instead we construct a P 1 -bundle over the blow-up of J at 16 
points (we denote it by P~) and then prove that it is a dcsingularization of P a : 
this is done in (6.6). The 3-fold P~ has 16 (—1, —1) curves: we let P+ be the 
manifold obtained by flopping all of these curves. In (6.7) we we show that V a is 
isomorphic to P+ . In the last subsection we give the results on the topology of V a 
and its intersections with S Q , B a which are needed in the proof of Theorem (1.4). 

6.2. The moduli space A1 w . For (x,y) G J x J, let E(x,y) be the sheaf on J 
defined by 

E{x,y) := <g> ^*(ig,*[3p + x])). 
(Here </>,</> are as in (1.9).) We will prove the following result. 
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(6.2.1) Proposition. Keep notation as above. 

(1) E(x,y)* is a vector-bundle on J, and v(E(x,y)*) = 2 + 8. Furthermore 

(6.2.2) det{E(x, y)*) [9] ® £_ 3 _ 2 g 

(6.2.3) Y, C *( E ( X >V)*) = - X -V- 

(2) E(x,y)* is slope-stable for every (x,y), and the map 

j x j yw w 

~ [£(s,y)*] 

is an isomorphism. 

(6.2.4) Remark. Item (2) of Proposition (6.2.1) is part of a more general result of 
Yoshioka [Y2] on moduli spaces of sheaves on an abclian surface in the case when 
semistability implies stability. However, since we will need various results about 
the moduli space which are not found elsewhere, e.g. (6.2.5), (6.2.11), and which 
may be used to prove (6.2.1), we have added a proof of (6.2.1). 

Proof of Item (1) of (6.2.1). Since h°(C, [3p a + x + t\) = 2 for all t e J, we 
see [Mum, pp. 46-55] that E(x,y) is locally-free of rank two. Since the higher direct 
images vanish, the Chern classes of E(x,y) are computed by the Grothendieck- 
Riemann-Roch formula: one gets v(E(x,y)) = 2 — 6. Thus E{x,y)* is a rank-two 
vector-bundle, and its Mukai vector is as stated. Before going on with the proof 
of (6.2.1) we determine the restriction of E(x,y)* to Q a . 

(6.2.5) Proposition. Keep notation as above. There is an exact sequence 

(6.2.6) 0^\p o -a-x-y]^ i* a E(x, y)* - [p - y] - 0. 

The extension class is the (unique up to scalars) non-trivial one if a + x ^ 0, and 
is trivial if a + x = 0. 

Proof. Let A C C x C be the diagonal, and TTf. C x C — ► C be the first and second 
projection respectively, for i = 1,2. Then 

(6.2.7) (* Q xjj)*£= [A]®7rI[-po + y]®7r$[-po + a]- 
Thus 

(6.2.8) i* a E(x,y) = [-p + y] ® 7Ti,*([A] ® tt^ [2p + a + x]). 
If a + x = one gets immediately that 

*;£(£,£)* -0 c (p o _y)( 2 ). 

If a + x ^ 0, we apply the 7Ti ,-functor to the exact sequence 
-> 7r;[2p + a + -> [A] ® tt^ [2p + a + x] ([A] ® 7r*[2p + a + x])| A -> 0, 
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and we get an exact sequence 

(6.2.9) -► 0c -»7ri,.([A]<8>7rS[2po + <* + &]) -» [a + x] -► 0. 

The extension class is non-trivial, because otherwise we would have a non-zero 
section of 

[A] O 7T^[2p + a + x] <g> ir*[-a - x], 

which is absurd since Oc{a + x) is non-trivial. Tensorizing (6.2.9) by [— po + y] and 
taking the dual exact sequence we get the proposition. □ 

Let us prove (6.2.2)-(6.2.3). The first formula follows immediately from (6.2.6). 
In order to prove (6.2.3), choose a canonical divisor D e \Kc\, and consider the 
exact sequence of sheaves on J x J: 

-> £® <?*(ig,*[po +x]) -> £® $*(iy,*\po +x + D]) £®<j>*{ig,*{0 D )) -> 0. 

Applying the ^* -functor and recalling that I? ~ 2p , we get an exact sequence of 
sheaves on J: 

(6.2.10) 0^E{x,y) ^ C B ^ flV.(£® £*(H?,.[Po + &])) -» 0, 
where D := i^^(D). 

Lemma, ifeep notation as above. The s/iea/i?V*(£(g></>*(iy ) *[po + ; £D) * s supported 
on <d- x . More precisely we have 

(6.2.11) i?V4£®<?*fe*[Po + ■?])) =i-x,*[po+J/]- 

Proof. By Formula (6.2.2) and Exact Sequence (6.2.10) we have (in the Chow ring) 

-ci(9) + ci(£ 2+2g ) = ci(£;(x,y)) = ci(£ s ) - ci(J?V*(^ ® </>*(iji,*[po + a;]))). 
This gives 

di&faiC <8> 0*fe»[p o + a]))) = ci(0_ x ). 

One concludes easily that i?V*(£ <g> <^*(«y,*[po + a:])) is the push-forward by i- x of 
a line-bundle on C. To compute this line-bundle, pull-back by (i_ x x iy) and apply 
Formula (6.2.7) to get 

(6.2.12) i?V*(£ ® &*(iy,*\po + x])) = i- x ,*([-po + y}® ^^..([A])). 
Applying the functor 7Ti jH , to the exact sequence 

— > Ocxc — > [A] — ► [A] | a — *■ 0, 

we get 

- K c x -» ff^Oc) ® -> #V*([A]) -» 0. 
Thus ^^..([A]) ^ ]f c . Plugging this into (6.2.12) we get (6.2.11). □ 
Let us prove (6.2.3). It follows from (6.2.10) and (6.2.11) that 
c 2 (E(x,y)) =C2(£q) -i-x,*ci([-po + y])- 
Since X^^g) = 0> Formula (6.2.3) follows immediately. 

Proof of Item (2) of (6.2.1). By (6.2.5) the restriction of E(x,y)* to 9 Q is 
scmistable; since 9 Q is numerically equivalent to 9 (the ample divisor defining 
stability) this implies that E(x,y)* is slope-semistable. That E(x,y)* is slope- 
stable is an immediate consequence of the following result. 
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(6.2.13) Lemma. Let F be a torsion-free slope- semistable sheaf on J with v(F) = 
w. Then F is slope-stable. In particular every sheaf parametrized by M w is slope- 
stable. 

Proof. Assume that F is strictly slope-semistable. Then there is an exact sequence 

(6.2.14) o^i w (O^F^i z (e T -o^o, 

for some r G J, where W, Z are zero-dimensional subschemes of J, and £ is a 
divisor such that 

(6.2.15) (2£-e T )-e = o, (2£-e T ) 2 <o. 

(The inequality follows from the equality and Hodge index.) A simple manipula- 
tion then gives that £ • £ < 0. On the other hand, computing c 2 (F) using Exact 
Sequence (6.2.14) one gets that 

t-t = e(w) + i(z) >o. 

Thus £ • £ = 0, hence (6.2.15) gives 

(2£-6 T ) 2 = -2. 

This together with the equality of (6.2.15) contradicts Assumption (1.3). Hence F 
must be slope-stable. □ 

Now we prove that p is an isomorphism. By (6.2.13) all sheaves parametrized 
by A4 W are stable, hence by Mukai [Muk2,(0.1)] M w is smooth of pure dimension 
4. The map p is injective because of (6.2.2)-(6.2.3), and thus p is an isomorphism 
between J x J and an irreducible component of A4 W by Zariski's Main Theorem. 
We finish by showing that p is surjective. 

(6.2.16) Lemma. Assume [F] e M w . Then the W.I.T. holds for F, with index 
i(F) = I, i.e. RPQ^C ® <j>* F) = for j ^ 1 (see [Mukljj. Furthermore the Mukai 
transform of F is given by 

F :=R 1 4>*{L®(j)*F) = i i] ,*{5), 

for a certain v G J , where 5 is a line-bundle of degree (—1) on C . 
Proof. By Serre duality and slope-stability of F, 

H 2 {Ct ®F) = Hom(£ t - ® F, Oj)* = 0. 

Applying Grothendieck-Riemann-Roch one gets that 
l 

^(-l)^ oro (i^*(£ ® ^F)) = -9. 

i=0 

Since y(>Q <8> F) = for all t € J, this implies that there exist £i,£2 <= J, with 
£i ^ £2, such that 
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By slope-stability of F, the map ffi^) ^ F is an isomorphism at the generic 
point, hence we have an exact sequence 

f i 8 & -F -»• »„,.(»?)-► 0, 

where rj is a line-bundle on C, of degree 1. This shows that (j)*(£®<j)*F) = 0, hence 
the W.I.T. holds for F, with index 1. In order to compute F pull-back the above 
sequence to J x J, tensorize with C, and apply the functor <j> t : one gets an exact 
sequence 

0^R%(£®<f>*F) -»ifl,,(A) -> C Kl] eC[ 6 ] ->0, 

where A is a degree-one line-bundle on C. It follows that F is as claimed. □ 

Now let's prove that F is isomorphic to E(x, y)* for some (x, y). By a Theorem 
of Mukai [Mukl, Cor.(2.4)] and (6.2.16) we have 

F = {—lj)*F := (-lj)*ijV.(?*(r »»«,,(*))). 
Applying Serre duality one gets 

(-i, 7 )*i?v*(?*(£ ® ivAm = ® *«,.(«))) 

This finishes the proof of Proposition (6.2.1). 

6.3. Description of V^. Let P° be the variety parametrizing isomorphism classes 
of couples (G,ip), where [G] G A4 W , and ip is a quotient appearing in an exact 
sequence 



(6.3.1) o-£— ►CG-?UC-0 ) 
such that the following holds: 

(6.3.2) £ is an invertible sheaf of degree 3, 

(6.3.3) detG 0j(6 a ), 

(6.3.4) ^ C2 (G)-^i ai * Cl (0=0. 



Clearly P° is a locally closed subset of a Quot-scheme Q over the subvariety of 
A4 W parametrizing sheaves G such that (6.3.3) holds (by [Muk3,(A.6)] there exists 
a tautological sheaf on J x A4 W ); let P a be the closure of P° in Q. Thus every 
point of P a is represented by a couple (G, VO satisfying the conditions above, except 
for Condition (6.3.2), which is replaced by "£ is a rank-one sheaf of degree 3". As 
explained in the introduction to this section, P a parametrizes sheaves whose moduli 
belong to V a , and which are obtained by elementary modification from a sheaf G 
as above. In order to prove this we introduce some notation. 
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(6.3.5) Definition. Let £ a be a rank-two vector-bundle on J x J such that 

(6.3.6) E$XE(-a-2y,y). 

(The existence of £ a is guaranteed by the existence of a tautological sheaf on 
J x M w .) Let G a := (£ Q )*. 

By (6.2.2) the map 

J — ► M w 

y ~ [G$] 

is an isomorphism between J and the subvariety of M.^ parametrizing sheaves with 
trivial determinant. Thus P a is a Quot-scheme over J: let 

(6.3.7) /: P a > J 

be the natural map. 

Thus if t = (G, tp) E P a , and y — f(t), we have 

(6.3.8) G S Gf (t) S £?(-a - 2y, $)*, where y - /(t). 

Let F = J 7 " be the elementary modification of G associated to (6.3.1), i.e. the sheaf 
fitting into the exact sequence 

(6.3.9) -► F i G -f i a ,*(C) -» 0. 

Clearly JF" is the restriction to J x {£} of an elementary modification 

(6.3.10) - T a — > (id j x ^> (i a x id P J,(C Q ) -» 0. 

(6.3.11) Lemma. ifeep notation as above. Then T a is a family of torsion-free 
semistable sheaves on J parametrized by P a , with 

(6.3.12) v(J?)=v, detF? *Oj, £>(J7) = 

for all t E Pa- 
Proof. That T a is a family of sheaves (i.e. it is flat over Op a ) follows from flatness 
over Op a of the other two sheaves appearing in (6.3.10). Let F and G be as above. 
Since F is a subsheaf of G it is torsion-free. The formulae of (6.3.12) hold by (6.3.2), 
(6.3.3) and (6.3.4) respectively. We finish by showing that F is semistable. Suppose 
F is not semistable, and let 

(6.3.13) 0^I z ®L^F — ► J w ® IT 1 

be desemistabilizing, where L is a line bundle and Z, W are zero-dimensional sub- 
schemes. Thus L ■ Q > 0. Since j o is non-zero (here j is as in (6.3.9)), and G is 
slope-stable by (6.2.13), we get L ■ O = 0. Thus by Hodge index L 2 < 0; we claim 
L 2 = 0. In fact from (6.3.13) we get 

(6.3.14) 2 = c% om (F) = i{Z) + £(W) - L 2 . 
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Hence if L 2 < then L 2 = (-2), contradicting (1.3). Since L 2 = and L ■ = 0, 
we get by Hodge index that [L] £ J. Thus by (6.3.14) we have l(Z) > l(W) 
unless £(Z) = 0. This shows that Z is empty, because otherwise Iz{L) does not 
desemistabilize. The restriction of j o f to Q maps L\<g> a to £: since deg(L|e Q ) = 
and deg£ = —1, we get that jo/ vanishes along Q a . Thus jo/ extends to a map 
L(Q a ) — > G. This is absurd because G is slope-stable by (6.2.13). □ 

By the above lemma the family T a induces a modular map 

(6.3.15) n a :P a ^M. 

Let /z° be the restriction of \i a to P°. The main result of this subsection is the 
following. 

(6.3.16) Proposition. Keep notation as above. Then /x° is an isomorphism be- 
tween P° and V®. In particular fJ, a {P a ) = V a , and \i a is a birational morphism 
from P a to V a . 

Proof. Let t £ P a , and set F — J 7 ", G — Q"uy The long exact sequence of Tor's 
obtained by applying the functor <S>9 a to (6.3.9) gives an exact sequence 

(6.3.17) O^C^^c 1 -^CF^C^O. 

By (6.2.1) G is locally-free, hence £ is locally-free. Thus the above exact sequence 
shows that i* a F is singular if and only if £ is not locally-free. Since F is isomorphic 
to G outside Q , we get that 

(6.3.18) i* a T? is locally-free iff is locally-free iff t £ P°. 

Now assume f e Since deg£ = —1, Exact Sequence (6.3.17) shows that i* a F 
is not semistable, hence [F] e V". Thus /x°(P°) C V°. To finish the proof of the 
proposition we must define a regular map V® —> P" inverse to One proceeds 
as explained in the introduction to this section, i.e. to [F] £ V® we associate the 
couple (G,ip) where G is the sheaf fitting into the exact sequence (6.1.2), and ip is 
the map of (6.1.3). Of course we need to prove the following two results. 

(6.3.19) Lemma. Let [F] £ V°, and assume (6.1.1) is the desemistabilizing se- 
quence of i* a F. The sheaf G fitting into Exact Sequence (6.1.2) is locally-free and 
slope- semistable. //deg£ = —1 (where £ is the destabilizing quotient of i* a F) then 
G is slope-stable. 

Proof. Since (6.1.1) is the desemistabilizing sequence, both A and £ are locally-free: 
from Exact Sequence (6.1.3) we get that G is locally- free along Q . On the other 
hand it follows from (2.1.2) and (4.3.3) that F is locally-free: since G is isomorphic 
to F outside Q a , we get that G is locally- free. Now assume that G is not slope- 
scmistable. Then there exists an injection L G, where L is locally-free of rank 
one with 

(6.3.20) L ■ 9 > slope{G) := — !— Ci° m (G) -0 = 1. 

rk(G) 

From (6.1.2) we have an injection L{— Q ) <^-> F, hence we get an exact sequence 



(6.3.21) 



-> M -> F -> 7 Z ® M -1 0, 
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where M := L(—O a + D), for D an effective divisor, and Z a zero-dimensional 
subscheme of J. From (6.3.20) and slope-semistability of F we get M ■ = 0. 
Hence by Hodge index M ■ M < 0. From (6.3.21) we get 

2 = 4 om (F) = -M-M + l(Z). 

Since M ■ M < 0, and the intersection from is even, either M ■ M = or M ■ M — 
—2. In the former case Exact Sequence (6.3.21) shows that F is not (Gieseker- 
Maruyama) semistable, which is absurd. Thus M ■ M — — 2; since M ■ = 0, this 
contradicts (1.3). Thus G is slope-semistable. To finish the proof of the lemma we 
notice that if deg£ = —1 then v(G) = w, hence G is slope-stable by (6.2.13). □ 

(6.3.22)Lemma. Let [F] e V®, and assume (6.1.1) is the desemistabilizing se- 
quence. Then deg£ = — 1. 

Proof. Let d := degA: we know d > 1. To prove the lemma it suffices to show that 
d < 1. From (6.1.2) one gets that 

c\ om {G)=9, 4 om {G) = 2-d. 

By Lemma (6.3.19) G is slope-semistable, hence by Bogomolov's theorem 

< \c h 2 om (G) - c\ om (G) ■ c\ om (G) = 6 - Ad. 

This gives d < 1. □ 

Given the above lemmas, the argument described in the introduction to this 
section shows that the map 

V° > P° 

ot a 

[F] - [(GM, 

where ip: i* a G — > A ® Kc is the map appearing in (6.1.3), is the inverse of /z° . This 
finishes the proof of the proposition. □ 

6.4. First analysis of P a . Let J[2]_„ be as in (1.11). 

(6.4.1) Proposition. The map f:P a — > J (see (6.3.7)) is aP 1 -fibration away from 
J[2]_a, and the remaining fibers are isomorphic to P 2 . 

Proof. Let y £ J, and suppose (G,ip) e / _1 (y). By (6.3.8) the isomorphism 
class of G is determined by y. Similarly, the isomorphism class of the line-bundle 
£ appearing in (6.3.1) is completely determined by Equation (6.3.4): eplicitely, 
Condition (6.3.4) together with (6.2.3) gives 

(6.4.2) £= [- Po + 2a + y]. 
Thus 

f-\y) n P Q ° = {[a] e ¥H°{[ Pa - 2a - y] ® i* a Q%)\ a has no zeroes}. 
Exact Sequence (6.2.6) gives 

(6.4.3) -> i/ ([2po - 2a]) - ^°([po - 2a - y] (g) 

ff°([2p - 2a - 2y]) -> 0. 

(Recall that (2p — 2a) 9^ ]i"c by (3.7).) One verifies easily that for y generic the 
generic section in the middle H° has no zeroes, hence 

(6.4.4) f-\y) = FH°([ Po - 2a - y] ® 

Using (6.4.3) we get that the fibers of / are as stated in the proposition, and that 
/ is a P^fibration over J \ (J[2]_ a ). □ 
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(6.4.5) Remark. Let ny. C x J — > J be the projection. Let TL be a line-bundle on 
C x J such that for y G J we have 

= [-po + 2a + y]. 

Let <S" be the sheaf on J defined by 

(6.4.6) S a := tt^JW" 1 ® (* Q x idj)*0 Q ). 

In the proof above we have shown that over ( J\ J[2]_q.) the sheaf S a is locally-free 
of rank two (in fact this is true over all of J, see (6.6.1)), and that / _1 (J \ J[2]_„) 
is naturally isomorphic to ^{<S a \(j\j[ 2 ] -))■ 

6.5. The boundary of P a . We analyze (P a \ P°). First notice that by (6.3.18) 



(6.5.1) Pa\Pa = l*a(B a U E a ) - /^(fl U £). 

For i = (G,ip) E P a let ( t be the rank-one sheaf ( appearing in Exact Se- 
quence (6.3.1) and Tors(( t ) be its torsion subsheaf. Then 

(6.5.2) £(Tors(( t )) < 2. 



In fact since i* G is semistable and we have a surjection 

i* a G - Ct/TorsiCt), 

the line bundle on the right has degree at least 1. This implies immediately (6.5.2). 
Let 

W a := {t e P a \ l(Tors(( t )) = 2}, Y° := {i e P a | ^(Tor S (Ct)) = 1}. 

By (6.5.2) W a is closed. Clearly Y® is locally closed; we let Y a be its closure. 
By (6.3.18) and (6.5.2) we have 

(6.5.3) P a \P° = Y a UW a . 

(6.5.4) Proposition. Keep notation as above. 

(1) The restriction of f to W a is identified with the blow-up of J at J[2\. 

(2) Let t 6 W a . Then is singular, with 

(6.5.5) Sing(Tt) = {i a (q 1 ),i a (q 2 )} 7 

where qi,q2 are given by (4-2.2). 

(3) If t is generic, is stable. Furthermore W a = fjb~ 1 {B a ) = ^i~ 1 (B). 

Proof. Item (1). Let t — (G,ip) £ W a , and let £ be the rank-one sheaf appearing 
in (6.3.1). Then 

i* a G C/Tors(C) 
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is a destabilizing quotient, because deg(£ /T 'or s(()) — 1. Conversely, assume 

(6.5.6) O^^CG^C^O 

is destabilizing. Thus £, ( are line-bundles of degree 1, because i* a G is semistable 
by (6.2.5). Let £ be a line-bundle fitting into an exact sequence 

(6.5.7) 0^£^e^O z ^0, 

where Z is a zero-dimensional subschemc of G of length 2 such that 

(6.5.8) a + y-Y, *a,.ci® + ^ i a ,*{Z) = 0, 

where y = f(t). Composing £ — > £ with £ — ► i* G we get an injection £ <^-» i* G. Let 
C := i* a G/£. The exact sequence 

satisfies (6.3.2)-(6.3.3)-(6.3.4), i.e. {G,ip) G fa- Furthermore, since C = Cz © C 
we have (G,tp) G W a . Thus we have defined a one-to-one correspondence between 
W a and the set of triples consisting of [G] £ Al w (satisfying (6.3.3)), Exact Se- 
quence (6.5.6) and Exact Sequence (6.5.7) (with Z satisfiyng (6.5.8)). We claim 
that given (6.5.6) there is one and only one Z such that (6.5.8) holds. In fact 
from (6.3.8) and (6.2.6) we see that £ = [po + y], hence (6.5.8) reads 

(6.5.9) 5Zi a ,,(Z) = 0. 
The map 

G( 2 ) — > J 

is, up to translation, the Abel-Jacobi map, hence it is surjective. Furthermore the 
fiber over ^2i a ,*(Z) is the single cycle Z unless Z £ \Kc\- Since i a ,*(Kc) = 2a, 
and 2a ^ by (3.7), we get that Z is uniquely determined by £, as claimed. Thus 
we have defined a one-to-one correspondence between W a and the relative Quot- 
scheme D a over J parametrizing couples consisting of [G] £ M w (satisfying (6.3.3)) 
and a destabilizing sequence of i* a G. In fact this correspondence is functorial, hence 
it gives an isomorphism 

1 j (G,V) - (i*G-C/T«-a(C))- 



By (6.2.5) we get that 



a single point if 2y =/= 0, 
P 1 if 2y = 0. 



Let Vo- lo —> J be the blow up of J [2]. To finish the proof of Item (1) it suffices to 
define a map p: I — > W a such that 

(6.5.11) fop = v 

(6.5.12) P\ v - 1 (y i y v a 1 {yi) is an isomorphism, for y 4 G J[2]. 
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In fact it follows immediately from (6.5.11)-(6.5.12) that p is bijective, and that its 
differential is an isomorphism everywhere, hence p is an isomorphism. Let Q a be 
the tautological vector-bundle on J x J defined in (6.3.5). By Isomorphism (6.5.10), 
in order to define p it suffices to exhibit a line-bundle H on 7 x C and an injection 

n^{vx i a yg a 

which restricts to a destabilizing subline-bundle of i* a Qvi u \ for every u G Iq- Since 
ga _ (£ay ^ gee (g.3.5)) it is equivalent to give an injection T> (v x i a )*£ a which 
restricts to a destabilizing subline-bundle of for every u <E I . Let 

t,it: I x C x C ^ I x C 

be the projections which "forget" the third and second factor respectively. By 
(6.2.8) we have an isomorphism (up to tensoring by a line-bundle on Jo) 

(6.5.13) {u Q x i a )*£ a = H 1 ® r.([J x A] ® tt*H 2 ), 

where A C C x C is the diagonal, and H 1 , W 2 are line-bundles on I x C such that 
for u € Jo (with ^o(u) = y) 

Wi^[-po + y], W 2 = [2po-2y]. 
Arguing as in the proof of (6.2.9) we get an exact sequence 

-» r„(7r*W 2 ) A T ,([J x A] ® ^*H 2 ) -» H 3 -> ExC -» 0, 

where W 3 is a line-bundle on J x C such that V? u = [2y] for u 6 4 and E <Z Iq 
is the exceptional divisor of j^). Since t*(it*H 2 ) is a line-bundle, and the map g 
vanishes to first order along £7 x C, we get a map 

Mtt*H 2 ) ®[ExC}^ r,([J x A] ® ^*H 2 ) 

which is non-zero at every point. Thus by (6.5.13) we get a map 

V:=n l ® t*(it*H 2 ) ®[ExC}^ {v x i a )*£ a , 

injective at every point. The restriction of 7 to {u} x C is a destabilizing sub 
line-bundle of i* a £" t u \ for every u £ Iq. As explained above this defines a map 
p: Io — > VFq,. One verifies easily that (6.5. 1 1 )-(6.5. 12) hold. 

Item (2). Let G = ^ (t) and F = Tf . Exact Sequence (6.3.17) shows that 
Sing(F) = i a (Z), and by (6.5.9) we get (6.5.5). Assume F is not stable, and 
thus by (6.3.11) it is strictly semistable. Let I q ® L F be a destabilizing sub- 
sheaf. Thus by (2.1.2) [L] <G J, and g € Sing(F). By (6.5.5) we have q = i a {qi) for 
z = 1 or i = 2. 

Item (3). The key result is the following. 
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(6.5.14) Claim. Keep notation as above. Let t e W a , and set y := f(t). There is 
an injection 

(6.5.15) L M ®L^T? 
if and only if 

(6.5.16) 2y ~ qs-i — r for some r E C. 

Furthermore, if y satisfying (6.5.16) is given, there exists a unique t € / _1 (y) such 
that an injection (6.5.15) exists, and this injection is unique up to scalars. 

Proof of the claim. Assume (6.5.15) exists: composing with the map j of (6.3.9) 
we get an injection h: I qi ® L <—> G, which comes from a (non-zero) map h: L — > G, 
because G is locally-free. Notice that by slope-stability of G and a Chern class 
computation the map h has a single zero, which is simple, hence we get an exact 
sequence 

(6.5.17) o^l-^g — Jp^e^r^o. 

Since t <G W a , the inclusion £ i* a G is the composition 

Oc(po + y)(-qi - 92) ^ O c (po + y)^ i* a G, 

where the second inclusion is a destabilizing sub-line-bundle z* G. The restriction 
to O a of h has image contained in £, and hence the restriction to <d a of h has 
image contained in the destabilizing sub-line-bundle of i* a G, and h must vanish at 
ia(l3-i)- Hence the point p of (6.5.17) is equal to i a {qz-i), and by (6.2.3) we get 
the equation 

u + y = ^2c 2 (G) = i a ,*{Q3-i+ilL), 

which gives 

(6.5.18) i* a L=[p Q + y-q 3 ^}. 

There is a further constraint coming from the fact that h°(L~ l ® G) > 0. Applying 
the Hom(», 0j)-functor to (6.2.10) we get the exact sequence 

-> £1 - £(z, y)* -> i- x ,*\p - y] -> 0. 

(We have used (6.2.11).) Thus we have an exact sequence 

- ff ^" 1 ® ri) -> i?°(L _1 ® £7(0?, y)*) 

H°(i*_ x L-' ® [p - y]) ^(L- 1 ® £1). 

From this we get that h°(.L _1 (g) £(x, y)*) > if and only if 

(6.5.19) [po — 2/ — ?*] = i*_ x L for some r £ G. 
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Since i*_ x L = i* a L, the above isomorphism together with (6.5.18) gives an equation 
for y which turns out to be (6.5.16). Now let's prove the viceversa. If (6.5.16) 
is satisfied then the argument just given shows that there exists a map h:L^G, 
which has a single zero at i a {<l3-i)- Since h vanishes at i a {qz-i), the restriction of h 
to a must be contained in a destabilizing sub-line-bundle of i* a G. This destabiliz- 
ing sub-line-bundle determines a point t G f~l W a such that h "comes" from 
an injection Ii a t qi ) ® L c — > Tf . This argument also shows that t is unique. Injec- 
tion (6.5.15) is unique because otherwise we would have J 7 " = I ia ( qi )®L®I ia ( qi )®L, 
which is impossible by (3.6). □ 

Let us prove the first statement of Item (3). By the above claim 
(ywsub) /(^n^fS)) - |J {y e J\ 2y~q 3 -i -r, some r G C}. 

i=l,2 

Since f(W a ) — J we get that is stable for t generic. Let us prove the second 
statement of Item (3). For t G P a the sheaf F := Tf is locally-free outside Q a , 
hence ^{B) = /z^ 1 Let t G ^(B); by (4.3.3) we have £(F**/F) = 2, 

hence (6.3.17) gives that £(Tors(( t )) = 2, i.e. t G W a . This proves that ^~ X {B) C 
W a . By Item(2) an open dense subset of W a is contained in /^~ 1 (i3). Since n~ 1 {B) 
is closed we get that W a C /u~ 1 (B). This finishes the proof of Item (3). □ 

We finish this subsection by observing that Item (3) of the above proposition 
together with (6.5.1)-(6.5.3) gives that 

(6.5.20) y Q =Ma 1 (S a )=Ma 1 (S). 

6.6. A P 1 -bundle mapping to P a . We recall that f:P a — > J is the natural 
projection (see (6.3.7)). Remark (6.4.5) identifies f^ 1 (J\ J[2]_&) with an explicit 
P 1 -bundlc. Of course by (6.4.1) it is not true that P a is a P 1 -bundle over J; notice 
also that by (6.4.1) there is at least one singular point of P a lying over each point 
of J[2]_q. In this subsection we will construct a P 1 -bundle over the blow-up of J 
at J[2]_q which has a birational regular map to P a , contracting sixteen (—1, — 1) 
curves. Then we will prove that P a is isomorphic to the contraction of these curves. 

(6.6.1)Claim. The sheaf S a given by (6.4-6) is locally-free of rank two. 

Proof. It has been shown in the proof of (6.4.1) that S a is locally-free outside 
J[2]_ a . Let U := (J \ J[2]); by Assumption (3.7) J[2]_ fi C U, hence it suffices to 
prove that S a is locally-free of rank two on U. By (6.2.5) there is an exact sequence 

-> C+ (i Q x id j)*g a \ C xu C- -» 0, 
where £ + , £ _ are line-bundles on C x [/ such that 

Letting 77^: C x U — > 17 be the projection, and H be the line-bundle of (6.4.5), we 
get an exact sequence 



(6.6.2) -» ^..(W- 1 ® £+) -> 5 a |c/ -> ttu^H- 1 ® £") -> 0. 
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The sheaves on the left and the right of S a \u are locally-free of rank one, hence 
S a \U is locally-free of rank two. □ 

Let R a := P(S a ), and g: R a — > J be the natural P 1 -fibration. Let r] <^-» g*S a be 
the tautological sub- line-bundle. The corresponding section of ■q~ 1 ®g*{S a ) defines 

$ G H°(C x Ra^ir)- 1 ) ® (id c x gfU- 1 ® (i a x ff )*(£ a )), 

where 7Tfl a : C x i? Q — > i? a is the projection. We view <I> as an injective map fitting 
into an exact sequence 

(6.6.3) - 7r£>) ® (id c x g)*H (i Q x ff )*(5 a ) — > Q -> 0. 

If y ^ J[2]_„ then for all t G g^ 1 ?/ the restriction of (6.6.3) to C x {i} is an exact 
sequence of the kind (6.3.1), and hence (6.6.3) induces a map (R a \g -1 (</[2]_a)) — > 
(-fa\/ _1 (^[2]-a)): this is the isomorphism of (6.4.5). Let ^ Q and £fc be as in (1.12) 
and the subsequent definition: we set 

(6.6.4) y k := v a {E k ), k = 1, . . . , 16. 
Thus J[2]_& = {&,... ,y 16 }. 

(6.6.5) Claim. ifeep notation as above. There exist n, . . . , tiq G wit/i ^(rfc) = 
y k , such that the following holds. The restriction of (6.6.3) to C x {t} is an exact 
sequence of the kind (6.3.1) for all t ^ n, . . . ,ri 6 . 

Proof. Let cr + , <t _ be local generators near y/j of the invertible sheaves 7T(7 ; *(W _1 <x> 
C + ) and TTu,*(T~t <E) respectively. Then cr + gives a section of H^ 1 <E> C + 

(in a neighborhood of C x y k ) which restricted to C x {y k } generates H^CH^ 1 ® 
^ + lcx{j/ fc })i while er~ gives a (local) section of W" 1 <X>£~ which vanishes identically 
on C x {yk}- Hence by Exact Sequence (6.6.2) there exists one and only one r k G 
9~ l (jjk) with the property that for a local section r of S a near y k the corresponding 
section of TL^ 1 <g> (i Q x idy)*£" (defined in a neighborhood of C x y fe ) vanishes on 
C x y k ii and only if 

r{yk) € r fe . 

This immediately implies the claim. □ 

Thus (6.6.3) defines a rational map R a ■ ■ ■ > P a which is regular outside {r\ , . . . , ?T6}.( 
Let us construct a birational modification of R a which has a regular map to P a . 
The inclusion 

r k xE k ^ xE k = n 9 *S a \ Ek ) 

gives rise to an exact sequence 

(6-6.6) 0^O Ek -^v* a S a \ Ek J%O Ek ^0, 

where P(kerpfe) — rk x Ek- Let T a be the rank-two locally-free sheaf on I a fitting 
into the exact sequence 

16 

(6.6.7) - T a — ^5" -A i Bfe ,*0 Bfe - 0, 

fc=i 
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where p is defined by the p^s, and i Ek - £fc I a is the inclusion. We set 
(6.6.8) P~ := P(T a ). 

Let us show that P~ naturally parametrizes a family of quotients of the kind (6.3.1). 
Let — ► I a be the natural P 1 -fibration and i] /*7~ Q be the tautological 
sub-linc-bundle. By (6.6.7) we have a map 77 — ► /*^*(5 a ). The corresponding 
section of 77" 1 ® /* t^(5 Q ) defines a section 

$" e H°(C x P-,tt;_ fa' 1 ) ® (idc x (i/ Q o Z.))^" 1 ® (i Q x (y a o /_))*(g Q )), 

where tt p -:C x — > P~ is the projection. Let EZ := fZ 1 (Ek), and P~ := 
fZ 1 (E). The map <J>~ vanishes to order one along C x E~ , hence it gives an exact 
sequence 
(6.6.9) 

- tt;_ fa ® [£?"]) ® (id c x {v a o /_))*« (i Q x {v a o n - 0. 

As is easily checked the restriction of (6.6.9) to C x {w} is an exact sequence of 
type (6.3.1) for all u e P~ ■ Thus (6.6.9) induces a regular map 5: P~ — > P Q such 
that / o 5 = v a o j_. An explicit description of 5 is as follows. First, (P~ \ E~) 
is canonically isomorphic to P(«S a Lj\ j, 2 -, s), and the latter space is isomorphic to 

/ _1 (J \ J[2]_ Q ) by (6.4.5); the restriction of 5 to (P~ \ E~) is the composition of 
these two isomorphisms. It remains to describe 8 on EZ , for k = 1, . . . , 16. Let 

x e P fe = P(P 1 (Oc)) = P(P°(^c))* = V{H°(K C )), 

and let C<r £ P(i7 (Xc)) correspond to x under the composition of the above 
isomorphisms. One easily checks that the restriction of 8 to fZ 1 {x) is an isomor- 
phism to P(/t (Ccr)), where k is the map in (6.4.3), and P(k _1 (Cct)) C / _1 (i/fc) 
by (6.4.4). In particular letting su € / _1 (j/fc) be the point corresponding to Cker(/c), 
we get a section TZ := 8^ 1 (sk) of f-\ E - which is contracted by 8. The curve T^T 

k 

corresponds to the natural exact sequence 

^ Ek (-E k ) ^ T a \ Ek -^0 Ek -0, 

one gets from (6.6.6) and (6.6.7), i.e. := P(0 Ek (—Ek)). From the above exact 
sequence we see that EZ is isomorphic to Fi and that the normal bundle of TZ in 
EZ is isomorphic to O r -(— 1). Since we also have isomorphisms 

O r -(E-) t~ O v -{f*_E k ) - O r -(-l), 

we get that 

(6.6.10) N T - ,p- = r - (—1) © O r - (— 1), fc=l,...,16 

k ' a k k 

i.e. is a (— 1, — l)-curve. Let Contr(P~) be the contraction of the sixteen 
curves r^, where fc = 1, ... ,16. The map 8 induces a regular bijective map 
S':Contr(p-)^P a . 
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(6.6.11)Proposition. Keep notation as above. The map 8' is an isomorphism. 
Proof. It suffices to prove that P a is normal. One checks easily that outside 

16 

U r,7 the map 8 is injective with injective differential, hence P a is smooth outside 

k=l 

{si, . . . ,si 6 }. On the other hand 

dimT Sk P a = 4, k = 1, . . . , 16, 
because of the exact sequence (see (6.4.1)) 

Thus a neighborhood of Sk is a 3-dimensional hypersurface with an isolated singu- 
larity at Sfe, hence it is normal. □ 

6.7. A modification of P~ isomorphic to V a . By (6.6.10) each is a 
(— 1, — l)-curve, hence the variety obtained by flopping P~ at each of the is 
a smooth complex manifold, which we denote by P+. Explicitely, let /3_: P a — > P~ 
be the blow-up of r~, let T be the exceptional divisor, and Tk C T be the com- 
ponent mapping to r^" . By (6.6.10) each T k is a copy of P 1 x P 1 , and 0-p^(r k ) 
has degree (—1) on the curves of any of its two rulings. Let /3+: P a — > P^ be the 
contraction of the P^s of T k (for k = 1, . . . ,16) belonging to the ruling opposite to 
that which is contracted by /3_. The regular map := \i a o 8 defines a rational 
map e~: P~ ■ ■ ■ > V a . Since P+ is bimeromorphic to P~ , we get a meromorphic 
map e+: P+ • • • > V a . The main result of this subsection is the following. 

(6.7.1)Proposition. The map e+ is regular and it defines an isomorphism 

f + - P + V 

t a ■ r a y a- 

The proof goes as follows. Let It := (id./ x j3-)*U a . We will show (6.7.2) that 
the sheaf U is simple if and only if t £ T. Starting from U we will perform two 
elementary modifications in order to get simple sheaves. More precisely, the first 
elementary modification will be a family V a of sheaves on J parametrized by P a , 
which coincides with U outside T, and such that V" is semistable and simple for all 
t not belonging to certain fibers of /?_, one for each Tk and denoted by Zk(l). The 
second elementary modification is a family W° (TV) of sheaves on J parametrized by 

16 

an open neighborhood W of (J Zk{l). The sheaf W a (W) t is semistable and simple 

fc=i 

~ 16 

for all t e A/", and S'-equivalent (see (2.2.2)) to V t Q if * ^ U Z k (l). By (2.3.7) 

fe=i 

_ 16 

the sheaf V a defines a regular map (P a \ \J Z k {l)) — » A4, and W Q (A/') defines 

fe=i 

a regular map TV — > A^. By the S'-equivalence property stated above these two 
maps glue together and define a regular map e a : P a — > V Q - We will verify that e Q 
descends to a regular map e+:P+ — ► V^, and finally we will prove that e+ is an 
isomorphism. 
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An equivalent description of P+ is the following. By (6.6.11) the space P a 
is smooth except at the points si,... , Si6, where it has quadratic singularities. 
Furthermore, by (6.7.25) the divisor Y a is not Cartier at each of the Si, in fact its 
tangent cone consists of two planes intersecting only at S{. Hence the blow up of 
P a along Y a is a smooth resolution of P a : it is isomorphic to P+. 

I. The map lifts to V a outside F~ . This will be an immediate consequence 
of the following result. 

(6.7.2) Proposition. Keep notation as above. Let t £ P~ , and set u := S(t), 
F := J 7 ™. Then F is simple if and only ift^T~. IfteT^ then 

(6.7.3) F £* I ia{qi) ® L fc (l) © J io(m) ® L fc (2), 
w/iere [Lfe(i)] = (y k - igfe-i))- 

Proof. Since <5 -1 (s/c) = rjT, wc must show that F is simple if and only if u ^ 
{si,... ,si@}, and that if u = then (6.7.3) holds. Assume F is not simple. 
Then F is properly semistable, hence (6.7.3) holds for some Lfc(l), Lfc(2) G J, and 
by (6.5.20) we have u £ Y a . Furthermore since F is singular at two points, u £ W a . 
Thus u £ Y a n W a . Let y := f(u); by Claim (6.5.14) we get that 

2y G {q 2 - r\ r £ C} (1 { qi — s\ s £ C}. 

The intersection above equals J [2] U J[2]„. According to (6.5.14) there is unique 
point Ui £ f~ l {y) such that there exists an injection Ii a ( qi ) <8> L/-(i) F (for 
i = 1,2); we must show that u\ = u 2 , if and only if y G J[2]_„. If u\ = u 2 = u 
then we have Isomorphism (6.7.3), and in particular Lf,(\) = 7fc(2) _1 ; thus (6.5.18) 
forces y £ J[2]_,j. Now assume y £ J[2]_a; by (6.5.10) the points u\, u 2 correspond 
to destabilizing sub-line-bundles of i* a G^ , and by (6.2.5) there is only one such sub- 
line-bundlc, hence u\ = u 2 . That the isomorphism class of Lk(i) is as claimed 
follows from (6.5.18). □ 

Let us show that fi~ lifts to V a outside T~ . Let U a := (idj x 5)*T a : this is a 
family of sheaves on J parametrized by P~ . By the above proposition Uf is simple 
for all t £ P~\T~ . Furthermore is semistable by (6.3.11) and Equalities (6.3.12) 
hold. By (2.3.7) U a induces a regular map e~: (P~ \ T~) -> M which lifts the 
restriction of to (P~ \ r~). Since fi~ (P~ \ F~) is dense in V a by (6.3.16), the 
image of e~ is contained in V a (and is dense in it). 

77. The elementary modification V a . As is easily checked from the definition, the 
restriction of U a to J x is trivial in the redirection, i.e. by (6.7.2) we have an 
exact sequence 

- *r}(J <o(9l) ® L fc (l)) — > W°| Jxr - 7r}(7 ia(92) © L fc (2)) - 0, 

where 7rj is projection to J. Pulling back to J x Tfe we get a similar exact sequence 
for U j x p fc ; let ?/jfc be the analogue of ipk- We define V a to be the sheaf on JxP a 
fitting into the exact sequence 

16 

(6.7.4) -> V tt — W" i fc ,.(7r}(/ io(ga) © L fc (2))) - 0, 

fe=i 
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where it:Jx Tt ^ Jx P a is the inclusion, and V> is defined by the ^fc's. Before 
stating the main properties of V" we introduce some notation. If p G C we let 
p' G C be the point such that 

(6.7.5) P + p'e\K c \. 
Given the identification 

(6.7.6) IV =E k =F(H a (K c )) 
let z fe (l),Zfe(2) G T," be given by 

(6.7.7) Zk{i)^qi + q'i 

(where <7i,<?2 are defined by (4.2.2)), and let Z k (i) := @Z {z k (i)). 

(6.7.8) Proposition. Keeping notation as above, V a is a family of torsion-free 
semistable sheaves on J parametrized by P a , with 

(6.7.9) v(V?)=v, dct(Vf)-0, 7 , = 

_ !6 

for all t G P a - Furthermore V t Q is simple for all t ^ {J Z k (l). IfteZ k (l) then 

fe=i 

V?=Ii a { qi )®Lk(l)®I ia{q2 )®L k {2), 
where L k (i) is as in (6.7.2). 

Proof. That V a is a family of torsion-free sheaves on J follows from an easy local 
computation. (This computation, away from h~ 1 (h(z k (l)) , is essentially written 
out below in the proof of (6.7.19).) If t ^ T we have 

(6.7.10) V t °SW|_ (t) , 

thus (6.7.9) holds for all t ^ T, hence by continuity it holds for all t G P a . Further- 
more by (6.7.10) and (6.7.2) the sheaf V t Q is semistable and simple for all t ^ V. 
Thus we are left with the task of describing V" for t G T. To simplify notation set 

A fe (i) := I la ( qi ) ® L k (i). 

Applying the ®0 Jx p fc -functor to (6.7.4) we get an exact sequence 

(6.7.11) - 7r}A fc (2) ®tt± Or,(-r fc ) - V tt | Jxrfc - 7r}A fe (l) - 0, 

where 7Tj, 7rp are the projections to J and respectively. Thus V" is semistable 
also for t G T; it is simple if and only if the restriction of (6.7.11) to J x {t} is 
non-split (where k G {1, . . . ,16} is the unique index such that t G T k ). Let e k 
be the extension class of (6.7.11): since Hom(Afc(l), Afc(2)) = 0, a simple spectral 
sequence argument shows that 

(6.7.12) e k GExt 1 (A fc (l),A fc (2))®i/°(O rfc (-r fe )). 
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The class e k is equal to a Kodaira-Spencer map. In fact let t G L fc : for i = 1,2 
there is an exact sequence 

(6.7.13) 0^ Afc(i) -^U? -► A fc (3-i) -> 0. 
Composing the associated projection 

Ext\U^un - Ext^AfeCi), A fe (3 - *)) 

with the Kodaira-Spencer map of £Y t Q , we get a map of rank-two vector-bundles 
over 

N r -/p- ^ °r- ® Ext^AfcW, A fc (3 - i)). 

k / a k 

The geometric meaning of CTfc(i) is contained in the following observation [04,(1.17)]. 

(6.7.14) Remark. Let (x,v) G N r - /p -, i.e. i e T t and « e T x P~/T r -. Then 

a k (i)(x,v) = if and only if the inclusion Xk(i) U x lifts to first-order in the 
direction v. (Meaning in the direction of any v G T X P~ representing v.) 

Notice that a k (l) is an element of the right-hand side of (6.7.12). By [04,(1.12)] 
we have 

(6.7.15) e k = a k (l). 

(6.7.16) Claim. The map a k (i) is an isomorphism away from z k (i). 

Proof of the claim. Let W~ := 5 _1 (W a ); thus t G W~ if and only if Tors(K t ) 
has length 2, where 1Z is the sheaf appearing in (6.6.9). Arguing as in the proof of 
Item (1) of (6.5.4) we get that 

h \w- :W a 

is the blow-up of ^ Q ; 1 (J[2]). In particular W~ Pi E~ = T~, and the intersection is 
transverse. Thus we have a direct sum decomposition 

(6.7.17) N T - /p - - N T - /W - © N T - /E - = O t - (-1) © O r - (-1). 

On the other hand the i^-term of the local-to-global spectral sequence abutting to 
Ext*(Afc(i), Afe(3 — i)) gives an exact sequence 

(6.7.18) -+ H\Hom{\ k {i),\ k $ - %))) — » Ext^A^i), A fe (3 - i)) 

H^Ext^Xkii), A fe (3 - *))) -» 0. 

Let us show that away from z k (i) 
(6.7.19) 

lo* k (i)(N T - /E -)?0. 
(6.7.20) a k (i)(N r - /w -) = H\Hom{\ k {i),\ k {Z - i))) ® O r - 



A NEW SIX DIMENSIONAL IRREDUCIBLE SYMPLECTIC VARIETY. 



47 



To this end we recall the geometric meaning of the map i appearing in (6.7.18), 
i.e. the local analogue of (6.7.14). Let (x,v) be an element of the vector bundle 
(6.6.10): then £(ak(x,vj) — if and only if the singularity of U™ at i a {<li) deforms 
to first-order in the direction v. Let us prove (6.7.19). Let G := Q^ k , and assume 
xG(T^\ {z k {i)}). Let S := h- 1 {h{x)): if k is the map of (6.4.3) then 

(6.7.21) 5 = P(ker(K)©Ccr), 

where a G H°([p — 2a — yk] ®i* a G) is such that k(ct) e H°(Kc) is non-zero. Since 
S C , and we have an isomorphism 

(6.7.22) T X S^ (N r - /E -) x , 

k I k 

in order to prove (6.7.19) it suffices to analyze the stalk at (i a (qi),x) of the sheaf 
A := U | jxs- By definition we have an exact sequence 

O^A — >G®O s (i a xid s )*Q^0 

(we have dropped the pull-back signs in the middle term). Here Q is the sheaf on 
C x S fitting into the exact sequence 

-> [-po + 2a + y k ] ® Os(-l) i* a G ® O s Q -» 0, 

where $ is the tautological map (see (6.7.21)). Let {«;, 2;} be a system of local 
parameters on J centered at i a (qi) such that w — is a local equation of O m 
and s be a linear coordinate on S centered at x. Thus {z, s} is a system of local 
parameters on Q a x S centered at (i a (Qi), x): abusing notation we denote by the 
same symbols their pull-back to C x S via (i a x ids). We claim that choosing a 
suitable local trivialization of i* a G <S> Os around x) we have 

(6.7.23) $(z,s) = (z,s). 

To see why let (k(ct)) = p + p' . Since x 7^ ^fc(i) we have gi ^ Thus 
<r((j , i) is not contained in the sub line-bundle [po + yk] ^> i* a G (see (6.2.6)); this 
implies (6.7.23) because a generator of ker(/t) has a simple zero at qi and has image 
contained in the above sub line-bundle. Given (6.7.23) one computes immediately 
the stalk of A at (i a (<li), x). Explicitely, letting O be the local ring of J x S at 
{ia{li)i x ) we get an exact sequence 

-» A®0 — ► — ► O 0. 

(a, /3, 7) 1 ^ wa — z(3 — sj 

Let (0,m) be the local ring of J at i a (qi)- We may assume that the stalk at i a (qi) 
of (6.7.13) is given by 

(6.7.24) 0^mMA®O-^O^Q. 



Let 



:= ^ e ^-/*-)*. 
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(Yes, we are abusing notation.) By (6.7.22) 

£ocr k (i)(x,v) = e g Ext 1 {m,0), 

where e is obtained as follows. The first-order deformation of A <8> O defined by 
A £S> O gives an exact sequence 

-> A®~6 A® 0/{s 2 ) -^A®O^0 

with extension class e G i?xt 1 (^l <8> 0, .4 <S> O); by definition e = g o e o / , where 
/, g are the maps of (6.7.24). An easy computation shows that e is the (non-zero) 
generator of Ext^irn.O), and this proves (6.7.19). Now let's prove (6.7.20). The 
left-hand side of (6.7.20) is contained in the right-hand side because as x varies 
in W~ the sheaf U" is equisingular. Hence since both sides of (6.7.20) are line- 
bundles it suffices to show that (Jk{i) is non-zero on N T - , w - , away from Zfc(i). 
Assume (x,v) £ N T - j w - and <Jk{i){x,v) = 0. By (6.7.14) 5*{v) is tangent to Y a 
at s/j; of course <5*(v) is also tangent to W a at The proof of the first statement 
of (6.5.14) works as well for first-order deformations, hence we get that 

{v a o /_)*(t>) E Tj; fc {y E J| 2y - ^ - f, some r E C.}. 

The right-hand side equals Cr, where r E H°(Kc) is a section such that (t) = 
qi + q'i, and we make the canonical identification ¥{Ty k ) = P^^-Kc*))- If x = p+p' 
then C(^ a o /_)*(«) = p + p'; hence (7fc(i)(x, v) = implies that p + p' = q% + g-, 
i.e. ir = Zk(i)- This proves (6.7.20). Claim (6.7.16) follows at once from (6.7.19) 
and (6.7.20). □ 

Let Y~ C P~ be the closure of the locally-closed subset of points t such that 
TorsiJZt) has length 1, where 1Z is the sheaf appearing in (6.6.9). Thus for t G Y~ 
the sheaf is strictly semistable (see (6.5.20)). 

(6.7.25)Claim. Keeping notation as above, 

y-niv = {z fe (i),z fe (2)}. 

Both intersections are transverse. 

Proof of the claim. Assume x G Y~ n . Since diml^T = 2 there exists v G 
T^P" "normal" to which is tangent to a curve D C Y~ . Since £/ t Q is properly 
semistable for all t E D at least one of the inclusions Afc(l), Afc(2) lifts 
to first-order in the direction determined by i>. By (6.7.14) and (6.7.16) we get 
that x G {zfc(l), Zfc(2)} and that if x = Zfc(i) then Afe(3 — i) does not lift. 

In particular Y^T nT t C {^(1), Zfc(2)}. To prove the reverse inclusion and the 
transversality of the intersection we consider Y~ (~l E7 . First let's show that the 
intersection is transverse. Let x G Ek correspond to a reduced divisor p + p' G Kq 
via (6.7.6), and assume also that x ^ {h(zk(l), h(zk(2)} (i.e. p + p' i= q% + <?■). 
Arguing as in the proof of (6.7.19) one shows that fZ 1 (x) intersects Y~ transversely, 
and hence E7 is transverse to Y~. Next, the image 

S(Y- n E7) G f-\y k ) = P(P°([p -2a- y k ] ® = P 2 
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is computed by a Chern class computation. In fact let ttq, ftp? be the projections 
of C x P 2 onto C and P 2 respectively. Then 

n E k)\ = k P 2,M(k*cIpo - 2a - y k ] ® Trji^? ® 7^0^(1))), 

where the multiplicity of the left-hand side equals one because Y~ is transverse to 
Efr- From the above formula one gets that S(Y~ (1 E^) is the image of C for the 
map associated to the linear system \2Kc — 2a\. Furthermore s k = S(T^) is the 
node of 5{Y~ n Er): since the two tangent directions at the node correspond to 
Zfe(l) and z k (2), we get that Y~ n TZ = {z k (l), z k (2)} and that the intersection is 
transverse at each of these points. □ 

Given claims (6.7.16) and (6.7.25) we can determine <7fc(i): let's show that 

(6.7.26) <7fc(z) = ipk{i) ®T k {i), 
where 

(6.7.27) e GL 2 (C), Tk(i)€H°(O r -(l)), T k (i){z k (i)) = 0. 

Since is strictly semistable for every f G yj", cither for j = i or for j = (3 — i) 
the inclusion Afe(j) M™ k (i) n ^ ts ^ or ever y deformation inside Y~. By (6.7.16) 
the former inclusion is the one that lifts. By (6.7.25) every direction normal to 
TZ at Zk(i) is represented by a vector tangent to Y~, and thus by (6.7.14) we 
get that a k (i) vanishes at z k (i). Hence cr fe (i) = ij) k {i) ® Tk(i), where Tk(i) is as 
in (6.7.27), and ip k (i) G End(o' 2) ). By (6.7.16) det^fc(i) does not vanish outside 
z k (i); since detip k (i) is a section of O v - we get that it is nowhere zero, and this 
proves (6.7.26)-(6.7.27). Now we can finish the proof of (6.7.8). Assume x G 
(Tk \ Z k (l)) (for fc = 1, . . . , 16); we must prove that V™ is simple. This is true 
because by (6.7.15) and (6.7.26)-(6.7.27) the restriction of (6.7.11) to J x {x} is 
non-split hence simple. □ 

The elementary modification W" (A") . Let A" C P a be open and such that 

(6.7.28) Z t (l)c# fc=l,...,16. 

16 

Let Y a := j3Z 1 {Y-). Let t G y Q n7V. If t [j Z k (\) then V t Q is strictly semistable 

fc=i 

and simple by (6.7.8), hence it has a unique destabilizing sequence. On the other 

16 

hand if t G 1J Z k (l) then Exact Sequence (6.7.13) for i = 1 lifts to a destabilizing 

fe=i 

sequence of V™ for every t G y a near t, by (6.7.25) and (6.7.16). Thus there is a 
well-defined exact sequence 

(6.7.29) O^S^ V a \ Jx{YanM) -!U T - 

which restricts to a destabilizing sequence of V" for every t G y a PI A/". Let W a (N) 
be the sheaf on J x AA fitting into the exact sequence 

(6.7.30) 0^ W a (M) — V a | JxAA -^**T^0, 

where i: (F a PI A/") A" is the inclusion and g is the restriction to J x (Y a n A") 
followed by the map g of (6.7.29). 
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(6.7.31) Proposition. With notation as above, W a {Af) is a family of torsion-free 
semistable sheaves on J parametrized by N ' , such that 

v{W a {N) t ) = v, &ctW a {N)t - Oj, c 2{W a {N) t ) = 

for all t e Af. Ifte (Af\Y a ) then W a (Af) t = V t a . Finally, if Af is a sufficiently 
small open set satisfying (6.7.28) then W a (Af) t is simple for all t e Af. 

Proof. All the statements except the last are standard. Let us prove that if t € 
(Y a n Af) the sheaf W a {Af)t is simple, if Af is sufficiently small. Applying the 
functor ®Oj x (y a rW) ^° (6-7.30) we get an exact sequence 

- T® wkOM-Ya) - W a (AT)| Jx(FanAA) ^5^0, 

where 7T/v: J x Af — > Af is the projection. Hence if t e (Y a DAT) we get an exact 
sequence 

(6.7.32) - 7J - W" (TVOt - 5 t - 0. 

Thus it suffices to show that the above extension is non-split. Since Af can be 

16 

chosen to be an arbitrarily small neighborhood of (J Zfc(l), it is enough to prove 

k=l 

16 

that (6.7.32) is non-split for t G (J ■Zfc(l). This will follow from an elementary 

fe=i 

lemma on extensions of sheaves on a variety A. Let T be a smooth curve, peT, 
and 70c, 7Tt the projections of A x T on A and T respectively. Let 

(6.7.33) 0^A 2 — >£^Ai^Q 

be an extension of sheaves on A x T, with A\ flat over T. Let 

(6.7.34) Q^A 2 ^J r ^Ai(g>ir* T (-p)^Q 

be the pull-back of (6.7.33) by the inclusion Ai <8> 7Tt( — p) ^ -4-1 ■ Thus if j: A 
A x T is the inclusion defined by j(x) := (x,p) and := j*Ae, the exact sequence 

-> A 2 -► j*T -» A x -> 

is split, hence we have a surjection 

(6.7.35) Tjj-.fF^Ai. 

Let 5 be the sheaf on A x T fitting into the exact sequence 

(6.7.36) -► Q — ► ^ j„A 2 -» 0, 

where is defined by pulling back to j* T and then applying ip. 
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(6.7.37) Lemma. Keeping notation as above, Q is isomorphic to £®-K^{—p). 

Proof of the lemma. The sheaf T is a subsheaf of £ and the inclusion T C £ gives 
an exact sequence 

(6.7.38) O^T — >£ M j.Ai^O, 

where / is / followed by the pull-back map A\ — > j*A\. Applying the functor j* 
to (6.7.38) we get an exact sequence 

o -> a 1 — ► ^^2^0. 

The map <p is equal to the map r/> of (6.7.35). Thus Q is obtained from T by 
performing the elementary modification which is "inverse" to (6.7.38): as is well- 
known this implies that Q = £ <S> 7r^(—p). □ 

We go back to the proof of the proposition. Let p <G Zk(l) and A C be 
the P 1 containing p and belonging to the ruling opposite to that of Zfc(l). Let 
<^fc(l)(A) = Ce where <£fc(l) is as in (6.7.26). Thus e is the class of a non-trvial 
extension 

(6.7.39) 0^A fe (2)^H^Afe(l)^0. 
Let 

(6.7.40) -» 7r}A fe (2) tt}W -» < 7 A fc (l) 

be its pull-back to Jx A, where tt,j: Jx A — > J is the projection. By (6.7.11), (6.7.15), 
(6.7.26) and transversality of the intersection Y a n f (see (6.7.25)) the restriction 
V a |jxA is the pull-back of (6.7.40) by the inclusion 7r}Afe(l)(— 7r A (-p)) ^ ^j^kO-), 
where 7ta: J x A — > A is the projection. Furthermore W a {N)\ j x a is the elementary 
modification of V q |j x a given by 

- W a (M)\ JxA - V a | JxA - j.(A fc (2)) - 0, 

where j:Jx {p} J x A is the inclusion. Hence we are in the hypotheses of 
Lemma (6.7.37), and we get that 

W Q (A0|jxA =tt}H®tt* a (~p). 

In particular W a (Af) p is isomorphic to the non-split extension (6.7.39), hence it is 
simple. This finishes the proof of the proposition. □ 

The map e+. Let M be sufficiently small, so that (6.7.31) applies. Then the 
sheaf W a {M) defines a regular map (i a (Af):J\f — > V a . On the other hand by (6.7.8) 

_ 16 

the restriction of V a to J x (P a \ (J Zk(l)) defines a regular map 

fe=i 

16 

(p a \U^(i))^i 
fc=i 

By (6.7.31) the two maps coincide on (A/" \ Y Q ) hence they glue together and they 
define a regular map e a :P a — > V^. By (6.7.26)-(6.7.27) e a is constant on every 
P 1 C Ffe belonging to the ruling "opposite" to that of Zk(l), hence e a descends to 
a regular map e+: P+ — * V a . 
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The map e+ away from (e+) _1 (E Q ). We will prove that 

(6.7.41) the restriction of to (P+ \ Y+) is an isomorphism onto (V a \ X). 

Since Y+ = (e+) _1 (S) and tt : Ai — > is an isomorphism outside X = 7r(S), it is 
equivalent to show that the restriction of /i a to (P a \Y a ) is an isomorphism onto 
(V a \ X). One defines an inverse of this map proceeding as in the proof of (6.3.16); 
what is needed is an analogue of (6.3.22) valid for all [F] <E (V a \ X). This is the 
content of the following lemma. 

(6.7.42) Lemma. Let [F] G Ai and assume F is stable. Then there is at most one 
exact sequence 

(6.7.43) 0^\^i* a F^£^0 

such that X, £ are rank-one sheaves, with deg(A) = 1, deg(£) = —1. 

Proof of the lemma. If i* F is locally-free the result follows immediately from (6.3.22),| 
hence we assume i* a F is singular. Thus [F] e (B a \ S). Consider the canonical 
exact sequence 

(6.7.44) -> F — > F** -^-> Q —>0. 

By (4.3.3) we have Q = C Xl © C X2 , where xi + x 2 = and x\ ^ x 2 . By the same 
proposition 

(6.7.45) F**^L®L-\ L m ^Oj 
or else there is a non-trivial extension 

(6.7.46) L F** L 0, L® 2 = Oj. 
Since F is stable 

(6.7.47) ker^JnZ^ 1 - {0}, 

where (j) Xi , L Xi are the fibers of <p and L over Xi. Applying the functor i* a to (6.7.44) 
we get an exact sequence 

o -► i* a Q — ► — » c^ 1 ** ^ -» o. 

Let V := i* a F/i* a Q; by (6.7.47) if 77 is a line-bundle on C such that Hom(r7, V) ^ 
then deg(r;) < (—1) (i.e. V is semistable). Any rank-one subsheaf of i* a F is of 
the form 77 © T, where 77 is a sub-line-bundle of V and T C i* Q. Assume that 
deg(?7©T) = 1: since deg?7 < (-1) we get that l(T) = 2. Thus x\,x 2 G Q so that 
Xi = qi (where qi is given by (4.2.2)), T = C X1 ©C X2 , and deg?7 = (—1). This gives a 
bijection between the set of Exact Sequences (6.7.43) and the set of sub-line-bundlcs 
7] C V with deg(?7) = (—1). We will prove that if (6.7.45) holds then there is at 
most one such sub-line-bundle. The proof of the analogous property when (6.7.46) 
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holds is left to the reader. Assume there are two distinct sub-line-bundles r/i C V, 
T] 2 C V of degree (—1): since degV = (—2) we get that 

(6.7.48) y^7?i©?72. 

Let t :— i* a L\ composing r/j V with the injection V — ► i* a F*~* we get an injection 
rjj It follows from (6.7.47) that the projections r/j — > i? ±1 are non-zero, 

hence 

for some pj , r 3 . Thus 

(6.7.49) l^^fa-rj}. 
Since ^ O c this implies that 

(6.7.50) r 2 =p[, P2 = r[. 

On the other hand det(V") = [-qi - q 2 ] and thus (6.7.48) gives 

^ 2 (-Pi-p 2 ) = Hzi-<? 2 ]. 

Using (6.7.49) and (6.7.50) we get that q\ + q 2 G l-K'cl; a contradiction. □ 

The restriction of e+ to . We begin by describing Y a . Let n a :T a — > C x J 
be the P^fibration with fiber P(Ext 1 (/_ p <g> -CT 1 ,^ ® over (p,u>). Thus we 
have a quotient map 

(6.7.51) Ca:T Q ^S Q , 

corresponding to the equivalence relation generated by setting [e^] = [ep] for [ep] G 
P(Ext 1 (/ ia ( g2 ) ® , Ii a ( qi ) ®£w)), and generating the annihilator of ep in the 
Serre duality pairing. We define a regular map 

Pol '• Y a y T a 

16 

as follows. If t £ (J Z k (\) then Vf is simple and semistable, hence there exists a 

fe=i 

unique destabilizing exact sequence 

o -► /_ p ® r^ 1 -► V t Q -► I p ® -> 0, 

and this determines a point of T a . If t G Zfc(l) the sheaf VV Q (A/")t is simple and 
semistable, hence it fits into a unique destabilizing exact sequence which determines 
an extension class e>v«(A/') t G IP(Ext 1 (/ io ( (?1 ) ® £^ , Jj a ( 92 ) (8) As)) for a suitable u>. 
We set /0 Q (i) := e^ a ^ t . That p Q is regular follows from (6.7.31). Clearly 

(6.7.52) e a \y a = ( a o Pa . 
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(6.7.53) Lemma. Keeping notation as above, 

(6.7.54) Im(7r Q o p a ) = {(p, w)\ p — 2w ~ r — 2a for some r E C} =: E a . 
Furthermore TT a o p a is the blow-up of E a with center 

tt a :={(qi,yk-ib{q3-i) = {qi,[ L k(i)})}, i = l,2, k = 1, . . . , 16. 

Proo/ o/ i/ie lemma. First we show that Im(7r a o p a ) c H a . Assume t £ (Y a \ T), 
and let I p ® ^> V t Q be destabilizing. Let u := 5 o f3-(t). Then we have an 
injection 

(6.7.55) Ip^C^,^^. 
Composing with .F" ^/(«) we § et tnat 

/i ^ 1 ® e? (u) ) >o, 

hence by (6.5.19) we get that 

(6.7.56) [to] = i* a = bo - flu) - r] for some reC. 

On the other hand (6.7.55) gives that the line-bundle £ appearing in (6.3.1) (with 
G = £/(„)) must be equal to Oc{w — p) and thus from (6.4.2) we get that 

(6.7.57) w -p ~ -po + 2a + f(u). 

From (6.7.56)-(6.7.57) we get that Im(7r Q op a ) c S a . Since S Q is smooth irreducible 
and Y a is a surface smooth at points of Zk(j) (for j = 1,2 and k = 1, . . . , 16), in 
order to finish the proof of the lemma it suffices to show that for (p, w) € Im(7r Q op a ) 
we have 

f one point i£(p,w)£Q a , 
(ir a op a ) (p, w ) = i 

Let ti,t 2 G (7r Q o p a ) _1 (p, w), and set uj := 5 o (3_(tj). It suffices to show that 
u\ = U2- From (6.7.57) we get that f{u\) = f{u2). Thus each of ui, U2 corresponds 
to an Exact Sequence (6.3.1) with G — G? o , where yo := f(ui) = f(u2). An easy 
stability argument shows that h°(C^ (g> G? Q ) = 1, and thus there is a unique Exact 
Sequence (6.3.1) (with G = !?/(„)) such that the elementary modification F fitting 
into (6.3.9) is strictly semistable. This shows that u\ = u 2 . □ 

Now we prove that 

(6.7.58) ti\ Y + :Y a -*14nSis bijective. 

The map is surjective by (6.5.20). Let us prove injectivity. First notice that 

(6.7.59) y+=F a /~, 
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where ~ is the equivalence relation identifying t £ Zk(l) with the point t' £ Zk(2) 
belonging to the same P 1 of the ruling opposite to that of Zk{i). By (6.7.52) 
and (6.7.59) injectivity of e a restricted to Y+ will follow from 

(6.7.60) ( a o p a (ti) = ( a o p a (t 2 ) implies t\ ~ t 2 , for t\,t 2 £ Y a . 

If p a (ti) = p a (t2) it follows immediately from (6.7.53) that (6.7.60) holds. Thus we 
may assume that p a {t\) = p a {t 2 ) but p a {t\) ^ p a (t 2 )- Without loss of generality 
we may suppose that 

ir a o p a (tj) = (qj,(-iyw), we J. 

By (6.7.54) we get that 



(6.7.61) qj - 2(-iy W ~ r 3 - 2a, j = 1, 2, r 3 £ C, 
and hence n + r 2 £ \Kc + 2a\. Thus 

(6.7.62) r^K c -q 3 , ] = 1,2 or 

(6.7.63) rj^Kc-qs-j j = 1,2. 



Let u 3 :=5o /3-(tj). If (6.7.62) holds then 

2/(«i) = 2f(u 2 ) = -2a, 

hence t\,t 2 £ f and one readily verifies that t\ ~ t 2 . Now assume (6.7.63) holds. 
Then 

f( u j) = w + ia,*(l3-j ~Po), 

and thus 2f(uj) ^ —2a. Hence 

- A5o/Mt 3 ) — ^' 
Thus we have a non-split exact sequence 

(6.7.64) I ia(qj) ® — ► / ia(<J3 _ 3 .) ® -► 0. 

(By (6.7.63)-(6.7.61) we have 2w = 0.) Let e 3 £ Ext 1 ^^ ^ ® I ia ( qj) OAs) 
be the extension class of (6.7.64): we must prove that 

(6.7.65) ( ei ,e 2 )^0, 

where ( , } is the Serre duality pairing. The local-to-global spectral sequence 
abutting to Ext*( , ) gives a natural isomorphism 

7j= Ext 1 (4,(93-,) ®£w,h a ( qj ) ®£w) H\Oj). 

commuting with Serre duality. Since a one-dimensional subspace I C H l {Oj) is 
the Serre-duality annihilator of itself, we get that (6.7.65) is equivalent to 

(6-7.66) [71 (ei)] + [72 (e 2 )]. 
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We claim that via the composition of canonical isomorphisms 
nH\Oj)) - f{H\O c )) = ¥(H°(K C )), 

we have 

(6.7.67) hj(e j )}=q3- j + q , 3- j - 

By (3.7) this will imply (6.7.66). In order to prove (6.7.67) we set Gj :— Gf( u .y 
Composing the map 4>j of (6.7.64) with the inclusion Fj Gj we get an injection 
Cw Gj, which gives rise to a (non-split) exact sequence 

-> Cu, -> G 3 ■ -> Ii^q^j) ® As (©a) -*■ 0. 

The corresponding extension class /j is a generator of Ext 1 (/ icv ( (?3 _ j .) ®A&(©a)i Aw)- 
Applying the Hom(», Az>)-functor to the exact sequence 

ficiqs-j) ® A» hciqs-j) ® Au(©a) ~> V*( C 93-, © K c{-QZ-j)) ® Au ~* 

we get an exact sequence 

(6.7.68) Ext 1 ^^,.)® A»(©a),A») Ext 1 (4^3^.) ® A>,A») 

— ► Ext 2 (i a ^(C q3 _ t (BKc(-q 3 -3))®Cw,£w) Ext 2 (/ ia(<Z 3_.)®A>(©a), As) 0. 
Given the natural isomorphism 

Ext 1 (/^(q.^) ®Cw,Ii a ( qj ) ® A») = Ext 1 (/ lQ ( g3 _ j .) ®Aa,A&) 
we have ej = /3j (/j ) . The transpose of A 3 is given by the restriction map 

H (I laiq ^)(e a )) ff^CjCV, e#cHfe-j)). 
which has image equal to H°(C; C q3 i ). By (6.7.68) we get that 

Annate)) = lm(H°(C;K c (-q 3 -j)) - H°(C;K C )). 

(We make the identification if^Oj)* ^ff^Cc)* = H°(K C ).) This proves (6.7.67) 
and finishes the proof of (6.7.58). 

Proof of Proposition (6.7.1). By (6.7.41)-(6.7.58) we see that e+ is a bijection 
between Y+ and V" Q . Since P+ is smooth, in order to prove the proposition it 
suffices to show that e+ has injective differential everywhere. This is true away 
from Y+ by (6.7.41), hence we are left with the task of proving that 

(6.7.69) de+(t) is injective for t e Y+. 
First we notice that we have an equality of Cartier divisors 

(6.7.70) (e+)*£ = Y+. 

In fact by (6.7.53) Y+ is irreducible, hence it suffices to show that for some t e Y+ 
there exists v £ T t P^ such that 

(6.7.71) de+(v) i T e±(t) E. 

In order to exhibit such a t we let T+ := 0+(T k ) and T+ be the union of the IT 's 
(for k = 1, ... , 16): thus T+ is a (-1, -l)-curve of P+. By (6.7.25) and (6.7.59) 

(6.7.72) T+ C Y+ and is the nodal curve of Y+ . 

Assume J\f is sufficiently small (as in (6.7.31)): then (6.7.71) holds for all t G 
(f3 + (M)\T+) because W a {M) t is simple. Now let t £ (Y+ \T+), i.e. in the smooth 
locus of Y+. By (6.7.70) in order to prove (6.7.69) it suffices to verify that the 
restriction of de+(t) to T t Y+ is injective: this is straightforward. If instead t E T + 
one verifies by an explicit computation that (6.7.69) holds. 
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6.8. Topological results. First notice that V a is isomorphic to P~ by (6.7.1), 
and that P+ is birational to P~ , hence V a is birational to P~. Since P~ is a 
P 1 -bundle over J (see (6.6.8)) it is irreducible, and thus 

(6.8.1) * V a is irreducible. 

Since both V a and P~ are smooth we have i? 1 (V a ) = i? 1 (P Q T). Composing the 
isomorphisms 

V* fl 

H\J) ^ H\l a ) ^ H\P~) 
we get that fr^P") = 4, hence 

(6.8.2) * b 1 {V a )=A. 

Let A k j= e+(r+)Jfor k = 1^. . . , 16) and A := e+(T+). (Thus A fe is a (-1, -1) 
curve of V a .) Let A(V a ) C H 2 {V a ]1>) be the subgroup defined by 

A(V a ):={TeH 2 (V a ;Z)\ J V = J r, j, fc = 1, . . . , 16}. 

A 3 A fc 

We claim that 

(6.8.3) * Im(P 2 (.M;Z) -» if 2 (V a ;Z)) C A(V Q ), 

where the map between H 2, s is given by restriction. To prove (6.8.3) we notice 
that by (6.7.72) and (6.7.58) each A fe belongs to S. Furthermore each A fc is a 

fiber of S S. Over S \ f2 (where f2 is the set of equivalence classes of sheaves 
(I p (£> L) (B (I p <8> L)) the map 7r is a locally-trivial fibration, hence all the fibers 
represent the same homology class in H2 (A4 ; Z) . Thus the integral over Afe of a 
class in H 2 (M;Z) is independent of k, and this proves (6.8.3). We will need to 
know that 

(6.8.4) * A(V a ) £ Z 8 . 

In order to prove it we first notice that there are canonical isomorphisms 

(6.8.5) H 2 (V a ;Z) = H 2 (V a \ A; Z) = H 2 (p- \T~;Z) = H 2 (p-;Z). 

In fact the first map is an isomorphism because V a is smooth and A has (complex) 
codimension 2, the second map is an isomorphism because (V a \ A) = (P~ \ T~), 
and the third map is an isomorphism because P~ is smooth and T~ has (complex) 
codimension 2. The last term on the right of (6.8.5) is isomorphic to Z 23 because P~ 
is a P 1 -bundle over I a , hence in order to prove (6.8.4) we must show that the classes 
in H2(V a ;Z) represented by Ai, . . . , Ai6 are independent. Let E k C P a be the 
strict transform of (for the blow-up /?_), let E~£ :— (3 + (Ek), and Dk ■= e+(£^). 
One easily checks that 

(c 1 (D i ),A j ) = S itj , 

where Sij is Kronecker's symbol. This shows that the homology classes represented 
by Ai, . . . , A 16 are independent, and proves (6.8.4). 

Now we give results on V a (1 S a . By (6.7.59), (6.7.72), (6.7.58) and (6.7.53) we 
get the following result. 
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(6.8.6) *Proposition. The intersection V a C\Y, a contains A as a double curve, and 
is smooth away from A. The normalization of V a fl T, a is isomorphic to the blow 
up o/S a at the points of fl a (see the statement of (6.7.53)). 

Now we prove that 

(6.8.7) * b\f: a C\V a ) = 24. 

We identify S Q n V a with Y+, according to (6.7.58). Let Ek(i) C Y a be the excep- 
tional divisor of ir a o p a mapping to the point of Ct a indicized by fc, i (see (6.7.53)). 
By (6.7.59) the smooth locus of Y+ is isomorphic to (Y a \ {JE k (i)). The long 

k,i 

exact sequence of the couple (Y+, sm(Y+)) (we let sm{X) be the smooth locus of 
a variety A") gives an exact sequence 

(6.8.8) - H\Y+,sm(Y+)) — H\Y+) -U H\Y a \\jE k (%)) 0. 

k,i 

We have 

H^YaXljEkii)) ^ H\E a \n a ) ^ H\E a ), 

k,i 

where E a is as in (6.7.53). Below we will prove that 

(6.8.9) b 1 (E a ) = 8. 

Granting this, we finish the computation of 6 1 (S Q , fl V a ) as follows. The first term 
appearing in (6.8.8) is computed applying excision and Kunneth: the result is that 

dimff 1 (F+,Y+ \sing(Y+)) = 16. 

Thus (6.8.8) gives b 1 ^ n V a ) = 24. 

Proof of (6.8.9). Let mi:J — > J be "multiplication by two". Let C := m^" 1 (0), 
and 

C -U C 
x i ► u~ 1 (2x), 

where u is the Abel-Jacobi map of (1.6). Thus / is the Galois cover of C with J [2] 
as group of deck transformations. The map 

f6 8 10) C x C ► £i Q 

1 (x,y) >->■ (f(x),x -y + a) 

is the quotient map for the diagonal action of J [2] on C x C. Thus _ff 1 (S Q ) is 
isomorphic to the subspace of -ff 1 ((7 x C) invariant for this action. If irf. C x C — > C* 
is the projection to the i-th factor, 

ff^C x C) J[2] = TTlf*H\C) © Trlf*H\C). 
This proves (6.8.9). □ 

The next result will be used to prove that M is simply-connected. Let R be as 
in (5.2.4): by Item (2) of (4.3.2) we have an inclusion i:R^ £ Q . 
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(6.8.11) Lemma. Keeping notation as above, we have 

Im(i # ) C Im(7n(y Q n E Q ) -> tti (£„)). 

Proof. Referring to (6.7.53) let h a be given by 

n ha. 

P i-» 

By (6.7.53) the map h a lifts to a map h a :C > y a . Composing with the quotient 
map Y Q -» y+ (see (6.7.59)) we get an inclusion h+: C ^ F+. Let Y+ ^ S Q 
be the inclusion given by (6.7.58). As is easily checked the image of 

(6.8.12) < # °< # :Ti(C)->7ri(E„) 

is contained in the image of z#. Next let ~L\,Li C Y Q be two exceptional divisors 
of Tr a o p a whose images in O a are indicized by the same k (see (6.7.53)): thus the 
equivalence relation ~ of (6.7.59) glues together L\ and L 2 . Let 7: [1,2] — > Y Q be 
a continuous path such that 7(1) £ 2^ and 7(1) ~ 7(2). Composing 7 with the 
quotient map Y a — > Y^ we get a loop 7+: [1,2] — > Y^ such that i\ #(7 + ) is in the 
image of i# . Furthermore one easily checks that «#7Ti (R) is generated by the image 
of (6.8.12) and by ^+ # (7 + ). Since both ^+ # o/i+ # (C) and are contained 

in n E Q , this implies the lemma. □ 



Next we give results on V a C\B a . The composition 



P + ■ ■ ■ > P > P~ > T 

is a rational map / + :P+ • • • > I a , regular away from r+. The following result 
follows immediately from (6.5.4) and (6.7.17). 

(6.8.13) *Proposition. Keeping notation as above, the intersection ofV a r)B a and 
A inside V a is transverse, and consists of 16 points, one on each Afc. The rational 
map 

f+°(4r 1 \v a nB a -- V o<nB a --->T a 

is obtained by blowing up B a C\A, and then contracting 16 disjoint (—1) curves (not 
intersecting the exceptional divisor of the blow-up of B a n A) to v~ J[2]. 

(6.8.14) *Corollary. The map 

(6.8.15) MV a nB a )^m(V a ) 
induced by inclusion is an isomorphism. In particular 

(6.8.16) * b 1 {V a f]B a )=A. 

Proof of the corollary. We have a series of isomorphisms 

(6.8.17) TTl(V^) = 7Tl(P+) = 7Tl(P+ \ T+) f ±i 7Tl(J Q \ £) = 7Tl(J Q ). 
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If we compose with the map of (6.8.15) we get an isomorphism iri{V a CI B a ) ^> 
7Ti(J a ), by (6.8.13). Thus the map of (6.8.15) must be an isomorphism. For- 
mula (6.8.16) follows from the first statement of the corollary and (6.8.2). □ 

Another result on V a fl B a that will be useful is the following: 

(6.8.18) * the map 7Ti(V^ fl B a ) — ► iri{B a ) induced by inclusion is trivial. 
In fact by (6.5.4) we have 

V a P\B a C fif 1 " 1 (node of C), 

where g\ is the map of (5.1.2). Since the right-hand side of the above formula is a 
P 1 -bundle over the simply-connected surface K ^ J we get (6.8.18). 

We give a description of the triple intersection V a P B a P S a . Let Di C J (for 
i = 1, 2) be the smooth irreducible curve defined by 

A := {y e J\ 2y ~ q 3 -i - r, some r e C}. 

The last statement of (6.5.14) gives an inclusion Di P Q . Composing with the 
birational map P a ■ ■ ■ > V a we get an inclusion /ij: Di It follows from (6.5.14) 

that 

(6.8.19) /ii(L>i) n/i 2 (£> 2 ) = S Q n A. 

The following proposition also follows easily from (6.5.14). 

(6.8.20) *Proposition. Keeping notation as above 

v a nB a ni: a =h 1 (D 1 )i)h 2 (D 2 ). 

In particular by (6.8.19) the curve V a Pi B a P E Q is connected. 

Finally we give some results on restriction maps. Let n(E a ) C H 2 (T, a ) be given 

by 

(6.8.21) * n(E a ) := Qci(w/) © H 2 {C) © H 2 {J) © Qci((i a x id^)*£), 

where the right-hand side is viewed as a subspace of 7? 2 (S Q ) thanks to (4.1.3) and 
Item (3) of (4.2.5). Let ( a be as in (6.7.51): we claim that 

(6.8.22) * n(S a ) iJ^C^Sa n V4)) is injective. 

(The map is the restriction to S Q fl V a followed by pull-back for ( a .) By (6.7.58) 
and (6.7.59) we have C~ 1 (E Q , n V a ) = F a , and the restriction to Y a of the map / 
of (4.1.1) is identified with the blow-down map Y a — > S a , where S Q is as in (6.7.53). 
Thus w/ has degree (—2) on each of the exceptional divisors of Y a — > 5 a , and all 
the elements of the other direct summands of (6.8.21) have degree zero on the 
exceptional divisors. Hence the kernel of the map of (6.8.22) is contained in 



(6.8.23) 



H 2 (C) © H 2 (J) © Qci((i a x idj)*£). 
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Let q a -C x C — > S Q be as in (6.8.10). In order to prove (6.8.22) it suffices to 
show that the natural map from (6.8.23) to H 2 (C x C) is injective. This is an easy 
exercise given the explicit formula for q a of (6.8.10). 
Let 

ff^Ec n v a ) H\f: a r\B a n v a ) {H\B a n v a ) i? 1 ^ n s Q n v Q ) 

be the maps induced by restriction. We claim that 

(6.8.24) * Im(n) + Im(r 2 ) > 19. 
In fact consider the exact sequence 

(6.8.25) o -> Q — > i? 1 ^ n i? Q n 14, sm(E a nB«n v Q )) 

— > H 1 ^ DB a n V a ) H 1 (sm(S Q flB a n K,)) 

The kernel of the map of (6.8.8) maps surjectively to the kernel of the map ip 
of (6.8.25), hence ker(^) C Im(n). On the other hand V(I m ( r 2)) = 4. Since 
dimker(V>) = 15 wc get (6.8.24) 

7. Proof of Theorem (1.4) 

By (2.3.2) and (2.3.6) wc know that M is of pure dimension 6 and that uj is 
symplectic. 

7.1. Proof that M is connected and simply connected. By (3.2) it suffices 
to show that 

(7.1.1) Z a is connected, 

(7.1.2) 7ri(Z a ) - {1}, 

where 

(7.1.3) Z a = Z a UB a UV a . 

Let us prove (7.1.1). By (4.4.1), (5.2.1), (6.8.1) each of E a , B a , V Q is irre- 
ducible, and by (4.3.2), (6.8.6) and (6.8.13) every pairwise intersection is non-empty. 
By (7.1.3) we get that Z a is path-connected. Now we prove (7.1.2). By (6.8.20) 
the triple intersection E Q n B a n V a is connected, hence ir\{Z a ) is generated by 
the images of 7r 1 (S a ), ni(B a ) and TTi(V a ). By (4.4.6) and (6.8.14) the images of 
7Ti(£ Q ) and ni(V a ) are contained in the image of -K\(B a ), hence 7r 1 (_B Q ) — > iri(Z a ) 
is surjectiv. By (5.2.5) we get that 7Ti(ii) — > iri(Z a ) is surjective, where i? is 
as in (5.2.4). Thus (6.8.11) gives that ni(V a ) — > 7Ti(Z a ) is surjective, and hence 
by (6.8.14) 7r 1 (V r Q n B Q ) generates TTi(Z a ). By (6.8.18) we conclude that Z Q is 
simply-connected. 

7.2. Proof that b 2 (M) < 8. The key is the following result. 
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(7.2.1) Proposition. The map H 2 (A4 : Z) — ► H 2 (V a :Z) induced by restriction is 
injective. 

The proposition implies the claimed bound on 62 (-M) because by (6.8.3) the 
image of the restriction map is contained in A(V a ), and this group has rank 8 by 
Formula (6.8.4). 

The first element in the proof of (7.2.1) consists of a Mayer- Vietoris argument. 
Let Xi := E a , X 2 := B ai X s := V a , and 

C P (H"):= H"(X io n---nX ip ;Q). 

l<io<---<i p <3 

We let 5:C p {Hi) C p+1 {Hi) be the usual Cech cochain map, and Z P {W) C 
C p (H q ) be the group of <5-cocycles. 

(7.2.2) Proposition. The map 

H 2 (Z a ) -» Z°(# 2 ) 
induced by restriction is injective. 

Proof. This is proved by considering the Mayer- Vietoris spectral sequence associ- 
ated to the decomposition Z a = T, a U B a U V a , and applying our results on the 
cohomology maps induced by restriction. More precisely one can triangulate Z a so 
that every intersection of the AYs is the support of a sub-triangulation. Let 

K q --= S'(i io n-ni ip ), 

l<io<-<»p<3 

where S q (X io n ■ • ■ fl X ip ) is the group of cochains supported on X ia n • ■ • fl X ip . 
Letting 5: E p ' q -> E p+1 ' q be the Check cochain map, and d: E p < q E p ' q+1 be the 
map induced by the coboundary of simplicial cochains, we get a double complex 
which computes the cohomology of Z a , because 5 is exact except at E° ,q , where its 
homology is the group of simplicial cochains of Z a (see [W, p. 202]). On the other 
hand the filtration "by p" generates a spectral sequence with £4 -term given by 

E p - q = C p (H q ), 

whose differential E\' q — > E p,q+1 is equal to the Check cochain map 5 considered 
above. Thus E% 2 = Z°{H 2 ), and in order to prove the lemma it suffices to show 
that 

E 2 2 >° = EY = 0. 

The first vanishing is trivial: by (6.8.20) the intersection S Q C\B a f)V a is connected, 
hence 5: E\' Q — ► E^' is surjective. To prove the second vanishing we must show 
that the complex 

(7.2.3) C°(H 1 )^C 1 (H 1 )^C !i (H 1 ) 
is exact. By (4.4.2), (5.2.2) and (6.8.2) we have 



(7.2.4) 



dim C^H 1 ) = 14, 
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and Formulae (4.4.3), (6.8.7), (6.8.16) give 

(7.2.5) dim C^i? 1 ) = 33. 
We claim that 

(7.2.6) the map S ' 1 is injective. 

This may be verified directly, or else one may argue that since E^' = we have 
n x {Z a ) = E^ 1 ; by (7.1.2) we get E° A = 0, i.e. kcr^ ' 1 ) = 0. By (6.8.24) we have 

(7.2.7) rk(<5 M ) > 19. 

Exactness of (7.2.3) follows at once from (7.2.4), (7.2.5), (7.2.6) and (7.2.7). □ 

We represent elements of Z°(H 2 ) as 7 = (71, 72, 73), where 7$ £ H 2 (X i - 1 Q). The 
second element in the proof of (7.2.1) consists of the following result. 

(7.2.8) Proposition. Keep notation as above. The map 

Z°(H 2 ) — > H 2 (V a ) 
(71,72,73) i-» 73 

is injective. 

Proof. Since 7 is a <5-cocycle 

( 7 - 2 - 9 ) 7ils Q n5 Q =72ls an s Q . 

Thus (4.4.6) and (5.2.7) give that 

k*( 7 i) G Q[C x £] (id c x ^ )*(^ 2 (C)®i/ 2 (J)©Qc 1 ((i Q xidj)*£)). 

Applying (4.4.9) we get that 71 G IT(S a ), where LT(S a ) is as in (6.8.212- Now 
assume 73 = 0. Since 7 is a cocycle we get that the restriction of 71 to S Q n V a 
vanishes, hence by injectivity of (6.8.22) we get 71 = 0. By (7.2.9) and (5.2.6) we 
also get 72 = 0. □ 

Proof of Proposition (7.2.1). Since M is simply-connected H 2 (M;Z) has no tor- 
sion, and thus it suffices to prove that the restriction map H 2 (M; Q) — » H 2 (V a ; Q) 
is injective. This map is equal to the composition of three maps: 

H 2 (M) -> i/ 2 (Z Q ) ^ Z°(i? 2 ) -» H 2 (y Q ). 

The first map is injective by (3.2), the second map is injective by (7.2.2) and the 
third map is injective by (7.2.8). Hence the composition is injective. 
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7.3. Generators of H 2 (A4; Q). There exists a compactification of the moduli 
space of slope-stable vector-bundles on a projective surface which is "smaller" than 
the moduli space of Gieseker-Maruyama semistable sheaves, namely Uhlenbeck's 
compactification [L2,Mor]. Let Ai^ be the Uhlenbeck compactification of the mod- 
uli space of slope-stable vector-bundles F on J with v(F) — v: it is a projective 
variety and there exists a regular map ip: M v — ► which is an isomorphism on 
the subset parametrizing slope-stable vector-bundles. Let M u := tp{M). We have 
Donaldson's homomorphism [L2,Mor] 

(7.3.1) n: H 2 (J; Z) -► H 2 (M U ;Z), 

characterized by the following property: if T is a family of semistable sheaves on J 
parametrized by S, with moduli belonging to A4, and /: S — > M is the the modular 
map, then 

(7.3.2) /* o ip* o M (a) = PsA.C2{F) U a). 
(Here p$: J x S — > S is the projection.) 

(7.3.3) Proposition. The homomorphism tt* o if* o /j,: H 2 (J;Z) — > _ff 2 (7W;Z) is 
injective, and 

n* o<p* o^H 2 (J:Z)) ® Q, Qci(S), Qci(B) 

are linearly independent subspaces of H 2 (Ai;Q). 
Proof. Let x & (J\ J[2]). The sheaf on J given by 

(7.3.4) Extl(<f>*(I x ) ® £, 0*(J_ X ) ® /T 1 ) 

is locally-free of rank two because a; 7^ —a;. (Here </>, </> are as in (1.9).) Let T be the 
projectivization of (7.3.4): it parametrizes semistable simple sheaves on J whose 
moduli belong to M. In fact, letting h:T — > J be the P 1 -fibration, ttj,itt the 
projections of J x T to J and T respectively, and £ the tautological sub-line-bundle 
on T, we have a tautological exact sequence of sheaves on J x T 

-» 7r}(7_ x ) ® (ttj x fc)*/:- 1 -> £ -> tt}(J x ) ® (ttj x h)*£ ® tt££ -» 0. 

Since £ is a family of simple semistable sheaves on J parametrized by T, with 
v(£ t ) — v and det(£ t ) = Oj, J2°2(^t) = 0, it induces by (2.3.7) a regular map 
7: T — > .M. Applying (7.3.2) one easily gets that 

7* o 7r* o y>* o /x(a) = h* o (8~ )*(a), 

where 8: J —> J is the isomorphism (1.7). This shows that n* o o /i is injective. 
Now we prove the second statement of the proposition. Let r C S and A C B a 
be generic fibers of the fibrations / of (4.1.1) and g of (5.1.1), respectively. Let us 
prove that the intersection numbers of Ci(S) and C\(B) with V and A are given by 
the entries of the following intersection matrix 

ci(S) ci(B) 

(7.3.5) r -2 1 

A 2 -2 
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The restriction of it to (S \ il) is a P 1 -fibration over (S \ 51), of which T is a fiber: 
this gives the top left entry because by adjunction = To get the other 

diagonal entry one proceeds similarly: a dense open subset U C B containing A is 
the total space of a P 1 -fibration G:U — > U defined similarly to the map g of (5.1.1), 
and A is a fiber of G. Since by adjunction Kg = Og(B), we get the bottom right 
entry. To get the off-diagonal entries first notice that by (4.3.10) £ and B intersect 
transversely outside tt~ 1 {{[I x <g> L (B I x <g) L -1 }), hence 

(ci(£), A) =#{A e A| g x is strictly semistable}, 
(ci(B),T) =#{7 € T| JT 7 has two singular points}. 

Here Q and T are families of simple semistable sheaves on J parametrized by A 
and r respectively which induce the inclusion maps of A and r in M. respectively. 
(We have used (4.3.2) to get the second equation.) Computing the right-hand side 
of the above equalities we get the off-diagonal entries of (7.3.5). Now assume that 

Xd(E) +ya(B) + u = 0, 

where x, y € Q and «G?o^*o ft{H 2 {J; Z)) <E> Q. We intersect with T and A, and 
notice that 

(u,r> = («,A) = o. 

In fact the first intersection number vanishes because n contracts T, and the second 
intersection number vanishes because 7r(A) is contracted by ip (see [L2]). Since the 
intersection matrix of (7.3.5) is non-singular we get that x — y = 0, and hence also 
u = 0. □ 

Now we can finish the proof of Theorem (1.4). By the previous subsection we 
have b%(M.) < 8, and by the above proposition 62 (A4) > 8, hence 62 = 8. 
Finally, since ci(£) and C\{B) are of type (1,1) and the map tt* o tp* o /j, is a 
morphism of Hodge structures (this follows from (7.3.2)), we get that 

h 2 '°(M) = h 2 '°(J) = 1. 
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